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Abstract. Suppose a finite group acts on a scheme X and a finite-dimensional Lie algebra 
Q. The associated equivariant map algebra is the Lie algebra of equivariant regular maps from 
X to Q. The irreducible finite-dimensional representations of these algebras were classified 
in [NSS] , where it was shown that they are all tensor products of evaluation representations 
and one-dimensional representations. 

In the current paper, we describe the extensions between irreducible finite-dimensional 
representations of an equivariant map algebra in the case that X is an affine scheme of finite 
type and q is reductive. This allows us to also describe explicitly the blocks of the category of 
finite-dimensional representations in terms of spectral characters^ whose definition we extend 
to this general setting. Applying our results to the case of generalized current algebras (the 
case where the group acting is trivial), we recover known results but with very different 
proofs. For (twisted) loop algebras, we recover known results on block decompositions (again 
with very different proofs) and new explicit formulas for extensions. Finally, specializing our 
results to the case of (twisted) multiloop algebras and generalized Onsager algebras yields 
previously unknown results on both extensions and block decompositions. 
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Introduction 

Equivariant map algebras are a large class of Lie algebras that include (twisted) loop or 
multiloop algebras, generalized current algebras, and generalized Onsager algebras, among 
others. Suppose X is a scheme and g is a finite-dimensional Lie algebra, both defined over 
an algebraically closed field of characteristic zero, and that F is a finite group acting on both 
X and g by automorphisms. Then the equivariant map algebra Wl = M{X,q)^ is the Lie 
algebra of equivariant algebraic maps from X to g. One easily sees that Tl = M{V,q)^ 
where V = Spec A, and A is the ring of global functions on X. We will therefore assume 
throughout the paper that X is affine. 

In [NSS], the authors, together with P. Senesi, gave a complete classification of the irre- 
ducible finite-dimensional representations of an arbitrary equivariant map algebra. The main 
result there was that such representations are all tensor products of an irreducible evaluation 
representation and a one-dimensional representation. Here by evaluation representation we 
mean a representation of the form 

^ ^ e..x r End. ((g),,, , 

where x is a finite subset of Xj..^t, the set of rational points of X, eVx is the map given by 
evaluation at the points of x, is the subalgebra of q fixed by the isotropy group of x, 
and px, X G x, are finite-dimensional representations — )■ EndfoV^. When all pa;, x G x, 
are irreducible and no two points of x lie in the same F-orbit, the corresponding evaluation 
representation is irreducible. In many cases, including the generalized current algebras (for 
semisimple g), multiloop algebras and generalized Onsager algebras, all irreducible finite- 
dimensional representations are in fact evaluation representations. For generalized current 
algebras this was shown in [CFKIO], and for multiloop algebras in [LaulO] (different proofs 
were given in [NSS]). The isomorphism classes of irreducible evaluation representations are 
naturally parameterized by finitely-supported equivariant maps on Xrat taking values in the 
set of isomorphism classes of irreducible g^-modules at a point x G X^at- 

Except in rather trivial cases, the category of finite-dimensional representations of an 
equivariant map algebra is not semisimple. It is therefore important to know the extensions 
between irreducibles. These have been described for current algebras in [CG05] and for 
generalized current algebras in [KodlO]. In the current paper, we address the question of 
computing extensions in the general setting of equivariant map algebras. Precisely, we de- 
termine the extensions between irreducible finite-dimensional representations of equivariant 
map algebras where the scheme X is of finite type and the Lie algebra q is reductive. 

One of our main results is that the problem of computing extensions between evaluation 
representations can be reduced to the case of single point evaluation representations (i.e. 
the case where x above is a singleton) at the same point (see Theorem 3.7). We then show 
that the space of extensions between these single point evaluation representations is equal to 
certain spaces of homomorphisms of g^-modules (see Theorem 3.9). These results generalize 
formulas previously obtained in [CG05, KodlO, SenlO]. 

Equipped with formulas for the extensions between irreducible objects in the category 
of finite-dimensional representations, we are able to determine the block decomposition of 
this category. In [CM04], these blocks were described for loop algebras in terms of spectral 
characters. These results were then extended to the cases of twisted loop algebras in [SenlO] 
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and generalized current algebras in [KodlO]. In the current paper, we generalize the notion 
of spectral characters to the setting of arbitrary equivariant map algebras {X afiine of finite 
type, g reductive). In keeping with the classification of irreducibles in terms of finitely- 
supported equivariant functions on X, in many cases the spectral characters are finitely- 
supported equivariant functions on X taking values in certain quotients of the weight lattice 
of at a point x G X^at (see Sections 5 and 6). 

Our results recover all the known results on extensions and block decomposition for Lie 
algebras that can be viewed as equivariant map algebras. However, in such cases, our 
method is quite different. Existing proofs in the literature use the concept of a Weyl module 
- something which is not currently available for arbitrary equivariant map algebras. In 
contrast, our approach uses results on the cohomology of Lie algebras, most importantly the 
Hochschild-Serre spectral sequence - a technique that goes back to the paper [FM94] which 
studies extensions between irreducible evaluation modules of the current algebra M{k,Q), 
Q simple. Hence our results give new proofs in the cases where the extensions and block 
decompositions were known. In addition, we can describe the extensions between irreducible 
finite-dimensional representations and block decompositions for classes of equivariant map 
algebras for which these were not previously known. This is the case, for example, for 
multiloop algebras and generalized Onsager algebras. 

The organization of this paper is as follows. In Section 1 we recall the definition of equivari- 
ant map algebras and the classification of their irreducible finite-dimensional representations 
in terms of evaluation representations. In Section 2 we collect some facts about extensions 
between representations of Lie algebras in general, and the relation between spaces of exten- 
sions and Lie algebra cohomology. We specialize our discussion to equivariant map algebras 
in Section 3, where we prove some of our main results on extensions between irreducible 
finite-dimensional representations. In Section 4 we consider the special case where the group 
r is abelian, in which case we are able to make our descriptions of extensions more explicit. 
We use our results on extensions to describe the blocks of the category of finite-dimensional 
representations of an equivariant map algebra in Section 5. Finally, in Section 6, we spe- 
cialize our general results to certain equivariant map algebras of particular interest. In an 
appendix, we prove some results relating extensions to the weight lattice of a semisimple 
Lie algebra. This allows us, in some cases, to describe the block decomposition in terms of 
explicit quotients of the weight lattice. 

Notation. Throughout is a algebraically closed field of characteristic and all algebras 
and tensor products are over k. We denote by X = Spec A the prime spectrum of a unital 
associative commutative finitely generated /c-algebra A. Equivalently, X is an affine scheme 
of finite type. A point x E X is called a rational point if A/xUx = k, where rria; is the ideal of 
A corresponding to x, and we abbreviate the subset of rational points of X by X^at- Since 
A is finitely generated, the rational points correspond exactly to the maximal ideals of A. 
Hence Xrat = maxSpec A. 

The direct product of two algebras A and B is denoted A S B to distinguish it from 
the direct sum of vector spaces. For a Lie algebra L, we denote by L' = [L, L] the derived 
subalgebra and let Lab = L/L' be the abelianization of L, cf. [Wei94]. Throughout, g will 
denote a finite-dimensional reductive Lie algebra with semisimple part Qss = s'- We identify 
0ab with the center of q, so that g = Qss H 0ab- We will denote the root and weight lattices of 
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0SS by Q and P, respectively. The set of dominant weights with respect to some set of positive 
roots will be denoted by and ^(A) is the irreducible finite-dimensional gss-module with 
highest weight A G By L*,^, we mean (Lab)* (and similarly for expressions such as g*,-, 
and 00 ab)- By the usual abuse of notation, we use the terms module and representation 
interchangeably. 

For a finite group F and a F-module M, we let = {m GM:7-m = mV7GF} 
denote the set of elements of M fixed by F. Similarly, if M is an L-module, we let = 
{m G M : / ■ m = for all / G L}. In case M = Homfc(Mi, Ma) for two L-modules Mi, Ms, 
the L-module M^ coincides with the L-module homomorphisms Mi — )■ M2, and we therefore 
sometimes also employ the notation (Homfc(Mi, Ms))^ = HomL(Mi,M2). 

Acknowledgements. The authors thank V. Chari, G. Fourier, S. Kumar, and G. Smith for 
useful discussions. In particular, they thank V. Chari for pointing out the reference [FM94] 
and S. Kumar for formulating and proving Proposition A.l and providing a more direct 
proof of (2.12) than their original argument. The second author would also like to thank the 
Hausdorff Research Institute for Mathematics, the Institut de Mathematiques de Jussieu, 
and the Departement de Mathematiques d'Orsay for their hospitality during his stays there, 
when some of the writing of the current paper took place. 

1. EQUIVARIANT map ALGEBRAS AND THEIR IRREDUGIBLE REPRESENTATIONS 

In this section, we review the definition of equivariant map algebras and the classification 
of their irreducible finite-dimensional representations given in [NSS]. We recall the standing 
assumptions of this paper: X is an affine fc-scheme with finitely generated coordinate algebra 
k[X] = A, Q is a reductive Lie /c- algebra, and F is a finite group acting on X (equivalently, on 
A) and on q by automorphisms. Let M{X, g) be the Lie fc-algebra of regular maps from X to 
0, which we will often identify with q^A. This is a Lie algebra under pointwise multiplication. 
The equivariant map algebra 97t = M{X, g)^ is the subalgebra of F-equivariant maps. In 
other words, OJt consists of the F-fixed points of the canonical (diagonal) action of F on 
M(X,g) =Q(^A. 

For X G X, we let 

F3. = {7 G F : 7 ■ x = x} 

be its isotropy group and put 

g^ = {n G g : 7 ■ n = u for all 7 G F^;}. 

Since g is reductive, it is known that all isotropy subalgebras are reductive ([Bou75, VII, 
§L5, Prop. 14]). We denote by X* the set of finite subsets x C X^at for which F-xflF-x' = 
for distinct x,x' G x. For x G we define = fflx-ex0^- The evaluation map 

evx : -> Q^, evx(a) = (a(x))a;ex, 

is a Lie algebra epimorphism [NSS, Cor. 4.6] and we set 

.^x = Ker eVx . 

To X G X* and a set {px : x G x} of (nonzero) representations Px '■ ^ End^Va;, we 
associate the evaluation representation evy_{px)x£x of defined as the composition 

ev^ ^x ®^ End, {iS)xe.Vx). 
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If all irreducible finite-dimensional representations, then this is also an ir- 

reducible finite-dimensional representation of 97t, [NSS, Prop. 4.9]. In this paper, we will 
always implicitly assume that evaluation representations are finite-dimensional (i.e. the px 
are all finite-dimensional). The support of an evaluation representation V = evy!_{px)x£:x., 
abbreviated Supp V, is the union of all F ■ x, x G x, for which is not the one- dimensional 
trivial representation of q^. In a slight abuse of terminology, we will sometimes refer to V 
as both a representation of VJt and of g^. 

For X e Xj-^t, let Tlx denote the set of isomorphism classes of irreducible finite-dimensional 
representations of g^, and put Tlx = Uxex^at Then F acts on Tlx by 

TxTlx^ Tlx, (7, [p]) ^ 7 ■ [p] := [p ° 7"'] e 7^^.,, 

where [p] G Tlx denotes the isomorphism class of a representation p of q^. Let S denote the 
set of finitely supported F-equivariant functions ip : Xrat Tlx such that 'ip{x) G Tlx- Here 
the support SuppV' of ip E S is the set of all x G Xj-^t for which ip^x) ^ 0, where denotes 
the isomorphism class of the trivial one-dimensional representation. 

For isomorphic representations p and p' of g^, the evaluation representations ev^jp and 
eVxP' are isomorphic. Therefore, for [p] G Tlx, we can define ev2,.[p] to be the isomorphism 
class of eVx p, and this is independent of the representative p. Similarly, for a finite subset 
X C Xrat and representations px of 0^' for x G x, we define evx([px.])sgx to be the isomorphism 
class of evx(px)x.gx- 

For ip E S, we define ev^ = ev:x_{ip{x))xf^x where x G X^, contains one element of each 
F-orbit in Supp xp. By [NSS, Lem. 4.12], ev^ is independent of the choice of x. If ^ is the map 
that is identically on X, we define ev^ to be the isomorphism class of the trivial represen- 
tation of Wl. Thus ip H- ev^ defines a map £ S, where S denotes the set of isomorphism 
classes of irreducible finite-dimensional representations of Wl. This map is injective by [NSS, 
Prop. 4.14]. In other words, S naturally enumerates the isomorphism classes of irreducible 
evaluation representations of Wl. We say that an evaluation representation is a single orbit 
evaluation representation if its isomorphism class is ev^ for some ip E S whose support is 
contained in a single F-orbit. 

We recall that the one-dimensional representations of a Lie algebra L can be identified 
with the elements of L*^^ = {A G L* : A(L') = 0}, where to such a A we associate the 
one- dimensional representation on k = k\ defined by / ■ a = A(/)a for / G L and a E k. 

Proposition 1.1 ([NSS, Th. 5.5]). The map 

is surjective. In particular, all irreducible finite- dimensional representations ofDJl are tensor 
products of an irreducible evaluation representation and a one- dimensional representation. 

Remarks 1.2. (a) In [NSS, Th. 5.5], a condition on when pairs {X,^^) and {X',ip') cor- 
respond to the same representation is given, thus obtaining an analogue of Proposi- 
tion 1.1 where the map is bijective. However, we will not need the stronger result in 
the current paper. 

(b) By [NSS, Cor. 5.4], every irreducible finite-dimensional representation of DJt can be 
written as V^ss ® kx for Vss an evaluation representation (unique up to isomorphism) 
factoring through some gf^ and unique A G 9?lab- 
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(c) The results of [NSS] apply for an arbitrary finite-dimensional Lie algebra g. However, 
in the current paper, we restrict our attention to the case where g is reductive. 

Example 1.3 (Untwisted map algebras). When the group F is trivial, M{X,g) is called 
an untwisted map algebra, or generalized current algebra. These algebras arise also for a 
nontrivial group F acting trivially on g or on X. In the first case we have M{X,q)^ = 
M(Spec(A'^),g), and in the second M{X,q)^ = M{X,g^). 

Example 1.4 (Multiloop algebras). Fix positive integers n, mi, . . . ,m„. Let 

F = (71, . . . , 7„ : 7f » = 1, 7,7,- = ^j^i, V 1 < z, j < n) = (Z/miZ) x ■ ■ ■ x (Z/m„Z) 

and suppose that F acts on a semisimple g. Note that this is equivalent to specifying 
commuting automorphisms at, i = 1, . . . ,n, of Q such that a^' = Id. For i = 1, . . . ,n, let 
be a primitive rrij-th root of unity. Let X = (/c^)" and define an action of F on X by 

1i ' (^1) • • • ) ^n) i^l: • • • ) ^i^ii • ■ ■ i ^n) ■ 

Then 

(1.1) M(g, C7i, . . . , an, mi, ... , m^ := M{X, 

is the multiloop algebra of g relative to (o"i, . . . , cr„) and (mi, . . . , m„). In this case, all irre- 
ducible finite-dimensional representations are evaluation representations (see [NSS, Cor. 6.1] 
or [LaulO]). 

Example 1.5 (F of order 2). Let DJl = M{X,q)^ be an equivariant map algebra with g 
simple and F = {1, cr} of order 2, acting nontrivially on g. Thus we have Z/2Z-gradings on 
g and A, denoted g = go © gi and A = Aq (B Ai with go = and Aq = A^ . Hence 

Tl= (go® Ao)©(gi® Ai). 

We will use the following facts regarding the structure of g, for which the reader is referred 
to [HelOl, Ch. X, §5] and [Kac90, Exercise 8.9]. 

(a) We have go = [gi,gi], gi = [gojfli] and go acts faithfully on gi (all of these claims are 
immediate from simplicity of g). 

(b) The Lie algebra go is reductive, so go = go,ss © go,ab, with dimgo,ab < 1- 

(c) Suppose dimgo,ab = 1- Then gi = Vi © V^i is a direct sum of two irreducible dual 
go-modules Vi and V-i with go,ab acting on V±i by ±p for some 7^ p G gpab- 
particular, [go,ab7 0i] = 0i- Moreover, also go,ss acts irreducibly on V±i, and we have: 
gf-=0 ^ g^Mk)- 

(d) If g = 5l2{k), then a acts by a Chevalley involution and go = go,ab 7^ 0. So gi = 
Vi © V-i as in (c). 

(e) If go is semisimple, the go-module gi is irreducible. 

In particular, (a) and (b) imply 

971' = (go,ss ® Ao) © (go,ab © Aj) © (gi © Ai), 9Hab = go.ab © (^M?)- 

It is easy to see that the fixed point set X^^^ = {x G Xrat : (T ■ x = x} has the following 
description, 

(1.2) X^^^ = {xe Xrat : C = {x G X^at : A^ C mj for any n G N+, 
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where is the maximal ideal of A corresponding to x. Hence, if 0o,ab 7^ 0, then 971 has 
nontrivial one-dimensional representations if and only if C Aq, which in turn is equivalent 
to r acting on X with fixed points. These nontrivial one-dimensional representations are 
in general not evaluation representations, see [NSS, Ex. 5.21]. However, for the generalized 
Onsager algebras, which are special cases of the example here and which we review next, it 
turns out that all one-dimensional representations are in fact evaluation representations, see 
[NSS, Prop. 6.2]. 

Example 1.6 (Generalized Onsager algebras). Let X = = SpecA;[t^^], g be a simple 
Lie algebra, and F = {l,cr} be a group of order 2. We suppose that a acts on q by an 
automorphism of order 2 and on /c[t^^] hj a-t = t~^, inducing an action of F on X. We define 
the generalized Onsager algebra to be the equivariant map algebra M(fc^,g)^ associated to 
these data. The term "generalized Onsager algebra" was used in [NSS, Ex. 3.9] in a more 
restrictive way {a was supposed to be a Chevalley involution), while the algebra above was 
considered in [NSS, Ex. 3.10] without a name. We have chosen the new definition since all 
the results proven in [NSS] and here are true for the more general notion. 

For k = C and a acting by a Chevalley involution, it was shown in [Roa91] that M{X,3i2)^ 
is isomorphic to the usual Onsager algebra. 

We will return to the above examples in Section 6, where we apply our general results on 
extensions and block decompositions. 

2. Extensions and Lie algebra cohomology 

Our aim in the current paper is to determine extensions between irreducible finite-dimen- 
sional representations of equivariant map algebras. One of our main tools for computing 
such extensions will be Lie algebra cohomology. In this section, we recall some basic facts 
about extensions between modules for Lie algebras and collect some results on Lie algebra 
cohomology that will be used in the sequel. Throughout this section, L is an arbitrary Lie 
algebra over k, not necessarily of finite dimension. 

We will use the following easy and well-known lemmas. The second is a straightforward 
consequence of Schur's Lemma. 

Lemma 2.1. Let M,N and P be finite- dimensional L-modules. The following canonical 
vector space isomorphisms are in fact L-module isomorphisms: 

M (g)N = N (S)M, (M^N)* = M* (g)N*, N = N**, RoiUkiM, N) = M* N, 

Homfc(M (g)N,P) = Homfc(M, N* (g) P) = Homfc(M ® P*, N*) = M* ® Homfc(iV, P). 

Lemma 2.2. Let M and N be irreducible finite- dimensional L-modules where L is an arbi- 
trary Lie algebra. Then dim(M ® N*)^ < 1, and dimfc(M (g) N*)^ = 1 <^ M = N. 

Extensions of a Lie algebra L can be described in terms of the first cohomology group 
}i^{L,V), for an L-module V, as we now describe. We first recall the well-known fact, see 
for example [Wei94, Th. 7.4.7], that 

(2.1) H^(L, V) ^ Der(L, V)/ IDer(L, V), 

where 

Der(L, V) = {0 e Homfc(L, V) : d{[h, k]) = h ■ d^k) - k ■ d{h) ^ l^h e L} 
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denotes the space of all derivations from L to V and 

IDer(L, V) = {d^ : v e V}, where d^{l) = I ■ v y I e L, 

is the subspace of inner derivations. The obvious maps give rise to an exact sequence of 
L-modules: 

(2.2) ^ IDer(L, V) 0. 

For example, if \^ is a trivial L-module, then IDer(L, V) = {0}, Der(L, V) = {d ^ Homfc(L, V) : 
d{L') = 0} and hence ([Wei94, Cor. 7.4.8]) 

(2.3) R\L, V) ^ Homfe(Lab, V) {V a trivial L-module). 

The set Ext];^(yi, V2) of equivalence classes of extensions of Vi by V2 is in bijection with 
the first cohomology group of L with coefficients in the L-module Homfc(\4, V2) (see [sol55, 
Expose 4], [Fuk86, Ch. 1, §4.5], or [Wei94, Exercise 7.4.5]): 

(2.4) ExtliVi, V2) = (L, Eom,{Vi, V^)) = E\L, V,* ® V2), 

where in the second isomorphism we assume that Vi and V2 are finite-dimensional. The first 
isomorphism is induced by assigning to the derivation 9 : L — )■ Homfc(Vi, V2) the extension 
V2 ^ U -» Vl, where U = Vi (B V2 with L-module structure given by / ■ (t>i © t>2) = 
(/ • vi) © {d{l){vi) + 1 ■ V2) for I & L, Vi ^ Vi, and where V2 ^ U and U ^ Vi are the obvious 
maps. 

Combining (2.4) with Lemma 2.1 yields the following. 
Corollary 2.3. For finite- dimensional L-modules M, N, P we have 

Exti(M ^N,P)^ Ext^(M, N*(g)P)^ Ext^(M ® P*, N*). 
Lemma 2.4. Suppose L has a one- dimensional representation given by X & L*^. Then 

(2.5) R\L,kx) = {^x/^x)\ 
where 

^x = Ker A and Dx = Span {\{l)u — [l,u] : I E L,u E ^x} ^ -^a- 
Furthermore, we have the following. 

(a) // A = 0, then Dx = L' < L = jix and so R\L, ko) = Ll^. 

(b) // A 7^ 0, let z E L satisfy \{z) = 1. Then 

(2.6) Dx = M'x + {u-[z,u]:ue Rx} < L. 

Proof. For A = we have Dx = L', so part (a) follows from (2.3). We therefore assume 
A 7^ and prove the result using (2.1). First, one easily verifies that IDer(L, kx) = kX and 
that a linear map 5 : L — )■ fc^ is a derivation if and only if S{Dx) = 0. 

Now G.X z E L with X{z) = 1. Then any 6 G Der(L, /c^) can be written in the form 
6 = tX + Sq with t E k and Sq{z) = 0, and we can identify 6q with the restriction of 6 to .^a- 
Equation (2.5) now follows from (2.1). 

For the proof of (b), note that any / G L can be written in the form I = tz + y with t E k 
and y E ^x- Then, for u E ^x^ we have X{l)u — [l,u] = (tu — [z,tu]) — [y,u], and so Dx has 
the form claimed in (2.6). It is an ideal because, for 1,1' E L and u E M.x, we have 

[l',Xil)u-[l,u]] = (A(/) [/',«] - [/, [l',u]]) - [[l',l],u] E Dx, 

since .^a ^ L, and therefore [l',u] E Ax, and since [[ZVl^H ^ -^a — CD 
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With regards to extensions of one- dimensional modules by one-dimensional modules, 
Lemma 2.4 says 

(2.7) Exti(fcA, k^) = (i^^-A/D^-A)*. 

Corollary 2.5. If L is an abelian Lie algebra and kx,kfj, are two one- dimensional represen- 
tations, then 

ifX^fJ., 



Extlikx, kf. 



Proof. If A 7^ /i, it follows easily from (2.6) that D^^x = .^^^-a and the result is a consequence 
of (2.7). If A = yU, the result is simply Lemma 2.4(a). □ 

To calculate some other cohomology groups of interest here, we will use the exact sequence 
of low-degree terms of the Hochschild-Serre spectral sequence ([HS53, Th. 6], see also [Wei94, 
p. 233]): 

(2.8) ^ }1\L/K, V^) ^ YL\L, V) ^ R\K, Vf'^ 4 ^{LjK, V^) ^ Y{\L, V) 

whose ingredients we now explain. In this exact sequence K < L is an ideal of L, V is an 
L- module and is considered as L/i^'- module with the induced action. The inflation map 
inf is induced by mapping a derivation d : L/ K ^ to l o d o ir, where n : L ^ L/K 
is the canonical quotient map and l : V is the injection. The map res is given by 

restriction, and the transgression map t is induced by the differential defining cohomology. 
The Lie algebra L acts on Der(i^, V) in the obvious way, such that IDer(ii', V) is an L- 
submodule. Hence L acts on the quotient Der(K,V)/ lDer(K,V) = 11^(7^^,^). The action 
of K on H^(i^, V) is trivial, so that the action of L factors through L/K. 

Proposition 2.6. Let p : L ^ End^ V be a finite- dimensional representation of L, and let 
K C Ker p be an ideal such that \ = L/K is finite- dimensional reductive. 

(a) Suppose that either [ is semisimple, or p is completely reducible with p{z) invertible 
for some z E [ab- Then 

(2.9) H^(L,r)^Hom,(K,b,^), 

the isomorphism being induced by restricting a derivation d : L V to K. 

(b) // lab ■ ^ = 0, we have 

(2.10) Hi(l,\/)^Hom,(lab,^'=0, 
induced by restriction, and an exact sequence 

(2.11) ^ Hom,([ab, V'-) ^ ll\L, V) ^ Hom((Kab, V) 4 R\i, V) ^ ■ ■ ■ 

Proof, (a) Since = V, hence H^(i^, V) = Homfc(i^ab; V) by (2.3), the claim is immediate 
from the Hochschild-Serre spectral sequence (2.8) as soon as H^([, V) = = H^([, V). That 
these last two equations hold if ( semisimple, is the assertion of Whitehead's Lemmas (see 
for example [Wei94, Cor. 7.8.10 and Cor. 7.8.12]). But it is also known that they hold in the 
case that p is completely reducible and p{z) is invertible for some z G tab ([HS53, Th. 10], or 
see [Bou71, §3, Exercise 12j]). 
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(b) To prove (2.10) we use R\l,V) ^ Der(t, V)/ IDer([, by (2.1). For a linear map 
d : I ^ V,let dss and 9ab denote the restriction to Iss and tab respectively. Since tab ■ ^ = 0, 9 
is a derivation if and only if c^ss is a derivation and d^h G Homfc([ab, V^'°^). Hence, d H- d^h is 
a well-defined linear map Der([, V) — > Homfc((ab, V^'°°). It is surjective since any linear map 
/ : ^ab — ^ extends to a derivation d : I ^ V with dss = 0. Its kernel is IDer([, V) because 
for d G Der(t, V) we have 9ab = <^=^ 9 = G Der([ss, ^) = IDer([ss,y) and because 
the map IDer(l, V) — )■ IDer(tss, ^), d H- dss, is an isomorphism. The exact sequence (2.11) 
is the Hochschild-Serre sequence (2.8) for {L,K), using K ■ V = 0, the isomorphism (2.10), 
and }i\K, Vy = Hom[(i^ab, V) by (2.3). □ 

We conclude this section with a discussion of the extensions for Lie algebras that can be 
decomposed as direct sums. 

Proposition 2.7. Let Li, L2 be Lie algebras. We denote by J^i,J^2 o,nd T the category of 
finite- dimensional representations of Li, L2 and L = Li ffl L2 respectively. 

(a) Every module V in is a tensor product V = Vi®V2, where Vi, i = 1,2, are modules 
in J^i, uniquely determined up to isomorphism. The module V is irreducible if and 
only if the Vi are irreducible. 

(b) Let Ui, Vi be modules in J^i for i = 1,2. Then 

Exti(f/i ® U2, Vi ® V2) = {{U* ® Vif' ® Exti,(f/2, V2)) 

© ( Exti^ (t/i, v^i) ® {u; ® ^2)^') . 

In particular, if Ui,Vi, i = 1,2, are irreducible, then 

fO ^fUl^V,, U2^V2, 

Extl^(f/2,y2) lfU^ = V^, U2^V2, 

Exti^(f/i,Vi) ifU^^V^, U2 = V2, 

[Exti^([/i,\/i) ©Exti^(?72,l^2) ifUi ^ Vi, U2 = V2. 



Exti(t/i©f/2,V^i 



We note that the formula in (b) is mentioned in [CFKIO, Prop. 2] for finite-dimensional 
Lie algebras and attributed to S. Kumar. 

Proof. Part (a) is well known, see for example [NSS, Prop. 1.1]. For the proof of (b) we use 
(2.4) to rewrite the left hand side as H^(L, Mi ® M2) for Mi = Ul ® Vi and M2 = © V2. 
Assuming for a moment the formula 

(2.12) Hi(L,Mi ©M2) ^ {M^' (S)Y1\L2,M2)) © {Y1\Li,M^) ® M^^), 

we obtain the first formula in (b) by another application of (2.4). The second then follows 
from Lemma 2.2. 

We give a proof of (2.12) due to S. Kumar. First recall that M^" = H°(Li,Mi) by defi- 
nition. Also, one knows [Kum02, 3.1.9, 3.1.13] that B.p{K,V) ^ B.p{K,V**) ^ (Hp(K, 1/*))* 
for any finite-dimensional module of a Lie algebra K, relating the cohomology groups 
with the homology groups Hp. The advantage of homology is that it satisfies the Kiinneth 
formula 

ep^^^^,Hp(Li,Mi)©H,(L2,M2)-H,(LifflL2,Mi©M2) for r G N. 
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Finally, we recall (Vi ® Vi)* = ® if one of the vector spaces Vi is finite-dimensional. 
With these tools at hand, we can now prove (2.12): 

H^L, Ml (g) M2) = H^(L, (M* (g) M*)*) = (Hi(L, M* (g) M*))* 

^ (( Ho(Li, M*) ® Hi(L2, M*)) © ( Hi(Li, M*) ® Ho(L2, M*)))* 

= ((Ho(Li,M*))*® (Hi(L2,M*))*) © ((Hi(Li,M*))*® (Ho(L2,M*))*) 
^ (H°(Li,Mi)©H^(L2,M2)) © (Hi(Li,Mi)©H°(L2,M2)). 

□ 

3. Extensions for equivariant map algebras 

In this section we describe extensions of irreducible finite-dimensional modules of an 
equivariant map algebra OJt = M{X, q)^ . The reader is reminded that X is an affine scheme 
of finite type (equivalently, A is a finitely generated algebra) and g is a finite-dimensional 
reductive Lie algebra. 

Let R = (as /c-algebras) and let Si be the element (0, . . . , 0, 1, 0, . . . , 0), where the 1 
appears in the z-th position. Any i?-module M is canonically a direct sum of n uniquely 
determined submodules, 

M = Ml © ■ ■ ■ © M„, Mi = EiM, 

satisfying EiMj = for z 7^ j. Thus every Mj is also a /c- vector space by identifying k with 
the ith coordinate subalgebra of R. Conversely, any direct sum M = Mi © ■ ■ ■ © M„ of 
fc-vector spaces Mi gives rise to an i?-module structure on M by defining the action of the 
scalars in R in the obvious way. 

The description of i?-modules immediately extends to the category of i?-algebras. An 
i?- algebra t is naturally a direct product of ideals, say I = ffl"=i^i where each U = Sii is 
a /c-algebra. Conversely, any direct product [ = ffl"=ili of fc-algebras Ij can canonically be 
considered as an i?-algebra. 

Recall that a module of a Lie i?-algebra L is an i?-module M together with an i?-bilinear 
map L X M ^ M, (/, m) ^ I ■ m satisfying the usual rule for a Lie algebra action, namely 
[/i, ^2] ■ ""^ = ^1 ■ (^2 ■ ^) — h ■ (^1 ■ f^) for /j G L and m G M. The following lemma is immediate 
from the above. 

Lemma 3.1. Let I = li ffl ■ ■ ■ ffl 6e a direct product of Lie k-algebras li, 1 < i < n. As 

explained above we can view the k-algebra I as an R-algebra for R = k^. 

Every module of the Lie R-algebra ( is a direct sum of uniquely determined [-submodules 
Mi = SiM such that U ■ Mj = for i ^ j. Conversely, given U-modules Mi, 1 < i < n, 
the direct sum M = Mi © ■ ■ ■ © M„ becomes a module of the R-algebra I with respect to the 
obvious operations. 

Lemma 3.2. The fixed point subalgebra is a finitely generated, hence Noetherian, k- 
algebra. Similarly, A and VJH are finitely generated, hence Noetherian, A^ -modules. 

Proof. Since A is a finitely generated /c-algebra, so is A^ ([Bou85, V, §1.9, Th. 2]). Hence A^ is 
a Noetherian /c-algebra. Moreover, the same reference also shows that A is a finitely generated 
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A'^-module, and hence Noetherian. Thus g ® A is a finitely generated, hence Noetherian, 
A'^-module. But every submodule of a Noetherian module is again Noetherian. □ 

Since acts trivially on any evaluation representation supported on F ■ x, any extension 
between two evaluation representations supported on F ■ x will factor through '!M/^'^. It is 
therefore helpful to know the structure of this quotient. 

Proposition 3.3 (Structure of Tl/^). For x. G X^, define 

I^ = {aeA:a{[j^^^r-x)=0}, I^ = I^nA^, = {u e ii^ : I^u C ji'J . 

Then 

is a sequence of ideals of the -algebra VJl. The quotient Lie algebra VJt/A'^ has the following 
structure. 

(a) .^x,ab = -^xZ-^x abelian ideal ofdJl/M!^ and the quotient (07t/.^)/(.^x ab) — 
mt/i^x = S". 

(b) The adjoint representation of^Jt induces Q^-module structures on the quotients 9Jt/.ftx 
and .ftx/^x; and on the ideal 9Tx/-^x ofTl/^. In particular, 

(i) acts on 3Jt/.ftx — 0^ by the adjoint representation and on .^x/^x by zero, 
and 

(ii) D^x/-^x — ©xex^^' where each is a finite- dimensional g^-module and 

-My = Q forx^ y. 

Proof. The set Jx is a F-invariant ideal of A. Hence < AJ- . The algebra AF acts naturally 
on 97t, and both ^x and are clearly A^-submodules as well as ideals of 9Jt. Moreover, the 
same is true for m^: If a G OJt and z/ G OIx then ll[a,u] = [a,I^u] C [Tl,^'^] C j^. We 
thus have a chain < *Jtx ^ -^x of ^''-invariant ideals of Wl, and consequently an exact 
sequence 

(3.1) ^ DTxM:, ^ i^x,ab ^ i?x/^x 

of 9Jl-modules, each annihilated by .^x, i-e., an exact sequence of 9Jl/.^x — 0^- modules. We 
will analyze this sequence further. First, since I^Tl C we have ^x] = [-^x^? -^x] ^ 

S^, i.e., [m, j^x] ^ ^x- But this says that = Tl/Si^ acts trivially on J^x/^x- 

By construction 91x/-^x 97t/^x are annihilated by thus DlxZ-^x a module of 
the //^-algebra Tl/K^. Since A^ / = A;'^' (direct product of algebras). Lemma 3.1 
implies that Dlx/-^ is a direct sum 91x/-^x — ©zex where each M'^ is a g'^-module and 
gx . j}^y _ g rj. ^ y_ ^Iso, since 9Tx is an A^-submodule of the Noetherian A^-module 
9Jt (Lemma 3.2), OXx is a finitely generated A'^-module. Hence DTx/.^ is a finitely generated 
fcl^l-module, i.e., the g^-modules are all finite-dimensional over k. □ 

Example 3.4. Consider 9Jt as in Example 1.5. Let / = Jx = /q © /i where Ij = I (1 Aj for 
j = 0, 1. Then 

i?x = (flO.ss ® /o) © (SO,ab ® /o) © (01 ® /l), 

= (flo.ss © (/q + If)) © (0o,ab © /i) © (Si © loh), and 
^x = (flo.ss © lo) © (0o,ab © -^) © (01 © A), where 
J = {a e Iq : alo C }. 
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Using the above, one can easily construct examples showing that S ^ -^x in general, 
even examples where ^x,ab is infinite-dimensional. We will use the precise structure of .^x,ab 
in the proof of Proposition 3.6. 

The following well-known lemma describes the irreducible finite-dimensional representa- 
tions of reductive Lie algebras. 

Lemma 3.5. Any irreducible finite- dimensional representation of a finite- dimensional re- 
ductive Lie algebra g is a tensor product Vss ® K,b where Vss is an irreducible representation 
of the semisimple part Qss of g and where V^b is an irreducible, hence one- dimensional, rep- 
resentation of the centre 0ab of g. Equivalently, an irreducible representation of g is an 
irreducible representation o/flss? on which gab octs by some linear form. 

Proposition 3.6 (Evaluation representations with disjoint support). IfVi, V2 are nontrivial 
irreducible evaluation representations with disjoint support, then Ext^(Vi,V2) = 0. 

In the case F = {1} (so ^fft = g® A) and g is semisimple, this result is proven in [KodlO, 
Lem. 3.3] using the theory of Weyl modules, a technique which is not currently available for 
arbitrary equivariant map algebras. 

Proof. Choose Xj G X^., i = 1, 2, containing one point in each F-orbit of the support of Vi and 
set X = X1UX2. As in Proposition 3.3, let m = %„Si = Si^, and V = Homfc(li, V2) = V{®V2. 
Since ExtOT(Vi,V2) = R\TI,V), it suffices to show that H^(9Jl,1/) is zero. We know from 
Section 1 that V can be viewed as a nontrivial irreducible g'^-module that is nontrivial as a 
g'^'-module, i = 1,2 (where we view Vi as a. trivial g^^-module for i 7^ j). 

If V is nontrivial as a g^j^-module, then Proposition 2.6(a) implies H^(9Jl, V) = Homgx(^ab, V)- 
On the other hand, if V is trivial as a g^^^-module (hence nontrivial as a g^^-module), then 
Proposition 2.6(b) implies that the map res : H^(9Jt, V^) — )■ Homgx(^ab, V) is injective. Hence, 
in either case, it suffices to show Homgx(^ab, V) = 0. 

We now use the structure of the g^-module .ftab as described in Proposition 3.3. Suppose 
/ e Homgx(J?ab, ^)- If /(W-^O = then / descends to a g^'-module map J?/01 V. 
This map must be zero since is a trivial g^'-module and is a nontrivial irreducible 
g'^-module. 

On the other hand, if / does not vanish on ^/^', it maps this space onto V, since V is 
an irreducible g^-module. It follows that 91/.^' contains an g'^-module M isomorphic to V. 
Then we must have M C for some x G x. But this contradicts the fact that \^ is a 
nontrivial g'^'-module, i = 1,2. □ 

Theorem 3.7 (Two evaluation representations). Suppose V and V are irreducible eval- 
uation representations corresponding to G S respectively. Let V = (^^.g^ and 
V = <S>x£x^x foT^ some X G X^, where Vx,V^ are (possibly trivial) irreducible evaluation 
modules at the point x G x. Then the following are true. 

(a) If ijj and tp' differ on more than one T-orbit, then Ext^(V^, V) = 0. 

(b) If ip and ip' differ on exactly one orbit F ■ xq, xq G x, then 

Ext^(\/,0 = Ext^(^xo,K'o)- 

(c) Ifi/j = ij' (so V^V), then 

imiJ^^~'®Extl^{V,V) - e,,,Ext^(K,K). 
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Proof. Suppose ip{xo) 7^ ip'ixo) for some Xq G x. Then 
E^tl^iV, V) = Ext^ ((g)^.,, K., (8),.ex 

Recall that a tensor product of finite-dimensional completely reducible (e.g. irreducible) 
modules is again completely reducible. In particular, V^^ ® V*^ is a direct sum of nontrivial 
irreducible 0^'°-modules (hence 9Jt-modules) by Lemma 2.2, since VJ^^ and Vx^ are not isomor- 
phic. Using that Ext commutes with finite direct sums ([Wei94, Prop. 3.3.4]), it then follows 

from Proposition 3.6 that Extl,{V, V) = unless ((g),.^,^ k) » ((8).6x, .^.JK')*) con- 
tains a copy of the trivial module. By Lemma 2.2, this occurs if and only if <S>xex x^xo ~ 
'S>xGx xjtxo^'^x)*y which case it contains exactly one copy of the trivial module. By [NSS, 
Prop. 4.14], this is true if and only if Vx = V'x for all x G x, x 7^ xq. If this condition is 
satisfied, we have 

= Ext^(/co, V'x, ® K.;) = Ext^^(\4„, \/4). 

This concludes the proof of parts (a) and (b). 

Now suppose ip = ip' . Then for each x G x, by Lemma 2.2 we have 

Vx ® v: ^ko® (e,,^^ vi) , 

where the V^ are nontrivial irreducible g^-modules. Then 

Ext^(\/, V) = Ext^, ((g),,, Vx, (g),,, Vx) 

= Ext^j((g),.,jK®y;),fco) 

= Ext^ ((g)^.,, (A:o©(0^^^^V;^)),A;o) 

= Ext^ [ko © (e,.,,, ' ^0) 

= Ext^ (fco, /i^o) © e,.ex, ^eJ. Ext^ (i;\ /Co) , 

where, in the second-to-last equality, we used part (a) to conclude that Ext^(V!j!®V^^ , ko) = 
for X ^ y, i E Jx, j G Jy. On the other hand, we have 

e.ex Ext^,(V;, K) = 0,.,, Ext^ (Vx © V:, ko) 

= ®xex^<i{ko®®,^j^V:,ko) 

= ©xex (Ext^(fco, ko) © 0,,^^ Ext^(K!, k^)) . 

Comparing these expressions, and using (2.4) and Lemma 2.4(a) to replace the Ext^j(A;o, ^o) 
by yields part (c). □ 

Remark 3.8. The special case of Theorem 3.7 where F is trivial and g is semisimple was 
proved by Kodera ([KodlO, Th. 3.6]). In this case, the term (9?iab)''''~^ does not appear, 
since QJlab = in the setting of [KodlO]. 
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Theorem 3.7 reduces the determination of extensions between evaluation modules to the 
computation of extensions between single orbit evaluation representations supported on the 
same orbit. It is thus important to have an explicit formula for these. 

Theorem 3.9 (Evaluation representations supported on the same orbit). Let V and V be 

two irreducible finite- dimensional single orbit evaluation representations supported on the 
same orbit T ■ x for some x G Xrat- Suppose that g^^, acts on V and V by linear forms X 
and X' respectively. Let 

Then 

(3.2) Ex4(Kn-|'*°"'-'^'''"®'",l 

" \Hom,. (3„b,V»V") tfX = X'. 

In particular, if is semisimple, then g^' = g^^, X = X' = 0, = "bx, and 

(3.3) Ext^(l^, V) ^ Homg.(il,,,b, V* ® V). 

Proof Let a e Tl. Then [a, M] C ji^ [a{x), P{x)] = for all f3 eM a{x) G qI^. 

This proves the characterization of 

We know from (2.4) that Ext^(l^, V) ^ E\m, W) for the OJt-module W = V*^V'. Note 
that acts on W by A' — A. By the definition of an evaluation module, the representation of 
Wl on W factors through Tl/^^ — d^- Hence, in the case A 7^ A', the isomorphism (3.2) is a 
special case of (2.9). In the case A = A', g^^^ acts trivially on W and the representation of Tl 
on W factors through 0Jl/3x- Since 9Jl/3x — Sss; isomorphism (3.2) is also a consequence 
of (2.9). □ 

Remark 3.10. In fact, the proof of Theorem 3.9 carries through to the case that V and V 
are supported on multiple orbits and (3.2) remains true in this generality (with x replaced 
by X G X^,). We choose to present the result in the single orbit case since Theorem 3.7 tells 
us that the extensions will be zero if V and V differ on more than one orbit. 

Since the action of F leaves gss and gab invariant and hence also Qss ® ^ and gab ® A, we 
have a decomposition 

(3.4) M{X, Qf = M{X, gss)^ ffl M{X, gab)^- 

The following proposition allows us to reduce to the case where g is semisimple. 

Proposition 3.11. Suppose V,V' are irreducible finite- dimensional representations of DJl. 
Write V = Vss® kx and V = V^^ ® kx' for Vgs, V^g irreducible representations of M{X,Qss)^ 
andkx,kx' one- dimensional representations 0/ M(X, gab)'"- 

(a) // A ^ A', then Ext^j(V, V) = 0. 

(b) // A = A', then 

Ext^ (V V) = I ^^^A^(^'0-)^*^^^'^' '^ss)' "^^^ ^ ^ss' 

' \Exti,(^^g^^)r(V-ss,Ks)©(M(X,gab)^)*, l^ss = K's, 

where Extj^^^^^ g^^-)r(Vss, V^s) is described in Theorem 3.7. 
Proof. This follows from Proposition 2.7(b) and Corollary 2.5. □ 
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We conclude this section with a discussion of extensions in the case of irreducible finite- 
dimensional representations that are not evaluation representations. Since Corollary 2.3 
implies that 

Ext^(\/, V) ^ Ext^(A;o, V* ® V), 

our previous results apply if V* ® V is an evaluation representation. Thus it suffices to 
describe extensions between the trivial representation ko and irreducible representations 
which are not evaluation representations. 

Fix X G X^,, an evaluation representation V^s supported on F ■ x with g^^ acting trivially, 
and a one- dimensional representation kx which is not an evaluation representation. Let 

V = V,,^ kx, = i^x n i^A, t = 

The representations pv^^ and pv of OJt on Vss and V respectively, as well as A, factor through 
the canonical map p : 97t -» [, giving rise to representations A e I*, pv^^ '■ i flK^s) and 
: t — ^ defined by 

A = A o p, pv^^ = Pv,, o p, and py = pv o P- 

Since A(.^x) 7^ (otherwise A factors through evx and so is an evaluation representation), 
there exists z & \ ^ such that X{z) = 1. The canonical image z E I of z then has the 
property that A(^) = 1. Since z G .^x, we have evx(^) = 0. Thus z acts by zero on V^s, and 
so 

Pviz) = Id. 

Proposition 3.12. The Lie algebra [ is finite- dimensional reductive. Moreover, 

Ext^(fco, V) = E\m, V) = Hom[(.^ab, V). 

Proof. The first isomorphism is simply (2.4). It is obvious from the description of I above 
that dim [ < 00, that is, ^ has finite codimension in 9Jl. To show that ( is reductive, it is 
equivalent to prove that I' is semisimple. From the exact sequence 

^ KjSi m/K ^ 971/i^x ^ 

and X{z) = 1, it follows that we have an exact sequence 

^ A;^ ^ [ ^ g'' ^ 0. 

The epimorphism [ — )■ maps [' onto the semisimple Lie algebra (gi^)'- Since the kernel of 
the map I — ?■ 0^ is kz, it is therefore enough to show that z ^ We know that A (971') = 0. 
Since the epimorphism DJl — )■ I maps DJt' onto [', A(l') = follows. But then X{z) = 1 implies 
z ^ ['. Thus [' = (g^)' = semisimple. The formula for H^(fH, V) is then an application 
of Proposition 2.6(a). □ 

Remark 3.13. The above result should be compared to the A 7^ A' case of (3.2). Loosely 
speaking. Proposition 3.12 says that (3.2) continues to hold in the case that A — A' is not an 
evaluation representation. 
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4. Abelian group actions 

In this section, we focus on the case where the group F is abehan. In this context, we are 
able to give a more explicit description of the extensions between evaluation representations 
at a single point x G X, where is semisimple. Note that, contrary to the setup of [KodlO], 
we do not assume that A = k[X] is reduced. 

We know already from (3.3) that Ext^(Vi, V2) = Homg^; (.ftj, ab, ^1* ® V2) for evaluation 
representations Vi and V2 at It is therefore crucial to understand the g^-module structure 
of ^x,a.h- It turns out that rather than dealing with ^x,ab = ^x/^'x itself, a certain quotient 
^x/O-x of ^x,a.h is more accessible as a g^-module and will still provide us with some useful 
information about Ext^(Vi, V2). 

Let S be the character group of F. This is an abelian group, whose group operation we 
will write additively. Hence, is the character of the trivial one- dimensional representation, 
and if an irreducible representation affords the character ^, then — ^ is the character of the 
dual representation. 

If F acts on an algebra B by automorphisms, it is well-known that B = B^ is a 

S-grading, where B^ is the isotypic component of type ^. It follows that DJl can be written 

as 

(4.1) 9Jl=0^gsgg®A_g, 

since g = ©^g^ and A = 0^^^ are H-graded and (g^ (g) A^')^ = if 7^ The 
decomposition (4.1) is an algebra S-grading. 

If V is any S-graded vector space and H is any subset, we define 

If i? is a S-graded algebra and \^ is a S-graded -B-module, i.e., Br-V^ C V^+r for all r, ,^ G H, 
then it is clear that if if is a subgroup of S, then Bh is a subalgebra of B and 

is a decomposition of i?//-modules. 

Lemma 4.1. Suppose an abelian group A acts on a set S and let k[A] = 0^^^ kes be the 
group algebra of A, with multiplication csCfj^ = es+^, 5, /i G A. Furthermore, suppose that 

(a) [ = 05g^ is is a A-graded Lie algebra, 

(b) U = 03^5 Us is an [-module with ■ f/^ C Us.s, 

(c) V = 0sg5' Vg is a k[A]-module with ■ K ^ Vs-s- 
Then i acts on W = ^^es ^« ® 

(4.2) Is ■ {us ® Vs) = {k ■ Us) ® {es ■ 

for Is G Is, Us G Us, and Vg ^ Vg. For every A-orbit O C S the subspace Wq = ®seo Us'^Vg 
is [-invariant. If A acts freely on O = A ■ sq then as [-modules 

(4.3) Wo={eseoUs)^Vs, 
where on the right hand side [ acts only on the first factor. 

Proof. That (4.2) defines an action of I is easily checked and that Wq is an [-submodule is 
obvious. For the proof of the last claim we can use the l-module isomorphism ip : Wq — )■ 
0S6O ^s ® Ko given by ijj{us <S> Vs) = ® e_A ■ for s = A • Sq. □ 
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For X G Xrat, let 

I = {aeA: a{y) = {]\/ y -x} = H^er-x "^y^ 

where we recall that is the maximal ideal corresponding to the rational point y & X. 
Clearly J is a F-invariant ideal of A. Also define 

S,. = {eGH:e|r. = 0} = S(F/F.). 

Lemma 4.2. We have an isomorphism of algebras 

(4.4) A/I = e^^^^{A/I)^ = k[E4. 
In particular 

(4.5) ^^E, ^ A^ = I^, 
and so 

(4.6) F. = {1} ^ ^ V e G S. 

Proof. It is easy to see that ^ ^ S^. =^ A^ = I^. This implies the first equality in (4.4). 
Since A/ 1 is the coordinate ring of the finite set of points F ■ x on which T/Tx acts simply 
transitively, it follows that for each ^ G there is a unique function (more precisely, coset 
of functions) in (A/I)^ taking the value one at x. The isomorphism in (4.4) is then given 
by identifying this function with eg. From this isomorphism, (4.5) follows, which in turn 
implies (4.6). □ 

Remark 4.3. Lemma 4.2 continues to hold for x G maxSpecA, without the assumption 
that A is finitely generated. One merely replaces k by A/m.x everywhere in the proof. 

We say that F acts freely on an affine scheme X = Spec A if it acts freely on maxSpec A. 
This is the case, for instance, for the multiloop algebras (Example 1.4). 

Lemma 4.4. Suppose a finite abelian group F acts on a unital associative commutative 
k-algehra A (and hence on X = Spec A) by automorphisms. Let A = 0^^= ^g be the 
associated grading on A, where S is the character group ofT. Then the following conditions 
are equivalent: 

(a) F acts freely on X , 

(b) A^A_^ = Ao for all ^ G S, 

(c) ArA^ = Ar+^ for all r, ^ G H (i.e. the grading on A is strong^, 

(d) nr=i hi ~ (-^")e"-i?» /^'^ > 1; • • • ; £ 2, and any T-invariant ideal I of A. 

Proof. We will use Lemma 4.2 without the assumption that A is finitely generated (see 
Remark 4.3). 

(a) ^ (b): Assume F acts freely on X. Towards a contradiction, suppose A^A^^ ^ Aq 
for some G S. Let J = AA^ be the ideal generated by A^. Since is F-invariant, J is a 
F-invariant ideal. Note that Jo = A^A^^ ^ Aq and so J ^ A. Thus J is contained in some 
maximal ideal m^;. Since J is F-invariant, we have that J is contained in J = flyer 
A^ = O /g. Thus = A^. By (4.6) we have F^ ^ {1}, which contradicts the fact that F 
acts freely on X. 
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(b) =^ (a): Assume F does not act freely on X. Then there exists a point x G Xrat such 
that Tx 7^ {1}. Let I = Oyer-x'^y (4-5), we have = for all ^ ^ ^ \ ^x- Choose 
some C, G S \ H^, (which is possible since T.j. ^ {!})• Then A^A_^ = I(A_^ Iq ^o- 

(b) =^ (c): Assume (b) is true. Fix t,^ G E. It is clear that A^A^ C ^4^+^ for all r, ^. 
By (b), we can write 

1 = Eili fi9i, fi e ^-^ 9i e 
Then, for all p G ^r+g, we have 

P = P (Er=i /i^i) = YJ'i=i{pfi)9i e ^r^€- 

(c) ^ (d): Suppose (c) holds. Let J be a F-invariant ideal of A and ^i, . . . G S. Set 
i = 'Yl,ii- It is clear that H ^ (-^")? ^'^d so it suffices to prove the reverse inclusion. Since 
(J"')^ is the sum of all nr=i for which ^ Tj = ^, it is enough to show that HiLi — 
n"=i hi for all Ti, . . . , G S satisfying ^ = ^. It follows from (c) that nr=i = ^o- 
Thus we can write 

1 = E^i ■ ■ ■ fi,n, fi,j e A«,-r,, 2 = 1, . . . , m, j = 1, . . . , n. 
Then for any Pi & 1^, 1 < i < n, we have 

nr=lPi = (E^l ■ ■ ■ fi,n) ULlPi = YJLl^Plkl) ■ ■ ■ iPnfi,n) G ^^=l 

It is obvious that (d) =^ (c) and (c) =^ (b) and so the proof is complete. □ 
Now, 

^x = {aeg®A: a{x) = 0}^ = (fl ® if = 0^^= ® /-^, 

(4.7) QJtM. - e^,s (fl^ ® = 0€ ® 

= ©?gs (-^x)?, where (i^^g = T.r^Sr, Qi-A ® /-./r-e 
The ideal P is F-invariant since I is. We define 

:= (g ® /^)^ = 05eH ^6 where 0^ = g^ ® (/2)„^, 
which is a S-graded ideal of 971 containing Thus 

K ^ < i^,. < 971. 

Now, 

(4.8) g^ = e^,H. s! 

is a Sa;-graded Lie algebra. We know that g^ = 9Jf/.^a; acts on .^^.ab, an action induced by 
the adjoint action of 9Jf on the ideal Since 0.x is an ideal of 971, the action of 971 on .^^^^ab 
leaves £lx/^'x invariant, so that DJt/^x also acts on the quotient 

(4.9) i?.,ab / Ox/K = ^x/Ox = ©^gH 05 ® (1/1^)-^- 

The action of g^ on ^x/0.x is given in terms of the elements 67- used in the isomorphism (4.4) 
as follows: 

(4.10) Ir ■ (U^ ® V^^) = [Ir, M5] ® e-r " V-^ G Qr+^ O (///^) -(^+5) , 

for Ir G g^, G g^ and G (///^)_g. 
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Lemma 4.5 (Decomposition of the g^-module ^x/0.xi T abelian). We have a decomposition 
of -modules 

and 

as -modules, where a^j is any representative of the coset u G S/S^, and where acts 
trivially on each In particular 

as Q^-modules. For every g^-module V we have 

(4.11) Rom,.{Aj£lx,V) - 0^,./.^ Homg.(0^,F) ® 

Proof. The first part is a direct consequence of Lemma 4.1. Then (4.11) follows immediately. 

□ 

Remark 4.6. Since the space I/P is finite-dimensional, one could replace by 
{I/P)_a^ in (4.11). We choose to keep the dual because of the geometric interpretation as 
the tangent space (as opposed to the cotangent space). 

The exact sequence 

of g'^-modules gives rise to the exact sequence of g'^-modules 
(4.12) 

^ Homg.(J^^/n^, V) Homg.(il^,ab, V) Homg.(0^/j^^., V) ExtJ. (j^JH^., V) ^ ■ ■ ■ 
for any g^-module V . 

Proposition 4.7 (F abelian). Let Vi and V2 be irreducible finite-dimensional evaluation 
representations supported on the orbit T ■ x, x ^ ^rat? with semisimple. Then, with the 
above notation, 
(4.13) 

Ext^(yi,y2) = Hom,.(0./i?L,n*®^2)© (e^,H/=. Hom,. (5^, V^;® 1^2)® (///')!. J, 
where is any representative of the coset u G S/S^.. 

Proof We abbreviate V = V{®V2. Recall from Theorem 3.9 that Ext^^(Vi, V2) = Homg.(J^^,ab, 
The claim therefore follows from (4.11) and the exact sequence (4.12) as soon as we show that 
Ext^^(^x/0.x, V) = 0. To prove this, we use the g'^-module decomposition of M.x/0.x estab- 
lished in Lemma 4.5 and the fact that Ext commutes with finite sums ([Wei94, Prop. 3.3.4]): 

Ext;.(il./a, V) = 0^,^/.^ ExtJ.(s^ ® iI/P)^a^,V). 

The 0^-module ® {I /I'^)-a^ is a direct sum of submodules = for (3 in some set B. 
Hence 

Extj.(0^ ® (J/J2)_„„, V^) ^ 0^^^ Ext;.(0,, V) = 
since ExtL(0tj, V^) = by semisimplicity of g^. □ 



EXTENSIONS AND BLOCK DECOMPOSITIONS FOR EQUIVARIANT MAP ALGEBRAS 21 

Corollary 4.8 (F abelian, r^, trivial). Suppose q is semisimple and x G Xrat is such that 
is trivial. Then for any two evaluation modules V\, V2 with support contained inV ■ x we 
have 

Extlj,{Vu V2) = Homg(0,/i?;, V{ ® V2) © (Homg(0, V{ ® V2) ® • 

Proof. This is immediate from (4.13) since = Q and S^, = S. □ 

The following result generalizes [KodlO, Prop. 3.1], where the case of a trivial group F is 
considered. 

Proposition 4.9 (F abelian and acting freely on X). Suppose F acts freely on X and q is 
semisimple. Then for any two evaluation modules Vi, V2 at x we have 

Ext^(yi, V2) = Homg(0, V* ® V2) ® (mjmly. 
Proof Let / = Oyer-x^y Lemma 4.4, we have Irl^ = {P)t+^ for all t,^ EE. Then 

(Kh = (Ea[Sa, 0c-a]) ® (/')-« = S€ ® (/')-« = n^, for all ^ G S. 
By Corollary 4.8, we then have 

Ext^(l^i, V2) = Homg(0, V{ ® V2) ® {1/1^)1 
Since the group F acts freely on X, we have 

and the result follows. □ 

Remark 4.10. The proof of Proposition 4.9 shows that = O.^ when q is semisimple 
and Irl^ = (/^)t+^ for all r, ,^ G H, where / = Oyer-x^y Another condition ensuring that 
= 0.x is that the grading on q be strong, that is, [0r,0^] = flr+g for all r, ^ G S. Indeed, 
if this is the case, then 

(Kh = ® {E, = 0? ® = for all ^ G S. 

Note that, since this condition is independent of the point x, it implies that = 0.x for all 

X G Xrat- 

Example 4.11. To show that in general R'^ C Ox we use Example 3.4. For any point 

X G Xj-at we have 

K = (0O,ss ® (/q + II)) ® (0O,ab ® II) © (01 © loh), 

Ox = (0o,ss © (/q + A^)) © (0o,ab © (/q + A^)) © (01 © ^0/1), and so 

O.ML = 0O,ab©(/o' + /l)//l. 

Hence 

= Si', ^ So,ab = or /2 C /2 ^ gr,. = j^,, 

where the last equivalence follows from Example 3.4. We note that 0o,ab 7^ and Jq ^ If 
in case DJl is the Onsager algebra and x 7^ ±1. Indeed, in the notation of Section 6.3, set 
a = X + x"^. Then Iq = {z — a)AQ and Ii = {z — a)yAo. Hence 

J2 = {z- a)YAo = iz- a)\z - 2){z + 2)Ao C {z - afAo = 
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5. Block decompositions 

In this section we investigate the block decomposition of the category of finite-dimensional 
representations of an equivariant map algebra. We first recall some basic facts about block 
decompositions in general. 

Let C be an abelian category in which every object has finite length (for instance, the 
category J-" of finite-dimensional representations of an equivariant map algebra is such a cat- 
egory). Then it is well-known that every object can be written uniquely (up to isomorphism) 
as a direct sum of indecomposable objects. 

Definition 5.1 (Linked). Two indecomposable objects Vi and V2 are linked if there is no 
decomposition C = Ci ©C2 as a sum of two abelian subcategories, such that Vi E Ci, V2 E €2- 

It is easy to see that linkage is an equivalence relation. 

Proposition 5.2. Let B be the set of equivalence classes of linked indecomposable objects. 
For a & B, let Ca be the full subcategory of C consisting of direct sums of objects from a. 
Then C = ^^eB o^nd this is the unique decomposition of C into a sum of indecomposable 
abelian subcategories. 

Definition 5.3 (Block decomposition). In the setting of Proposition 5.2, the subcategories 
Ca are called the blocks of C and the decomposition C = Ca is called the block decompo- 
sition of C. 

By the Jordan-Holder Theorem, one can uniquely specify the irreducible objects (with 
multiplicity) which occur as constituents of any X & C. 

Definition 5.4 (Ext-blocks). On the set of irreducible objects of C, consider the smallest 
equivalence relation such that two irreducible objects V, V are equivalent whenever they are 
isomorphic or Ext^(V^, V) 7^ 0. We call the equivalence classes for this equivalence relation 
ext-blocks and let i3ext(C) denote the set of ext-blocks. For h G B^xtiC), let Ch denote the full 
subcategory of C whose objects are precisely those objects in C whose constituents all lie in 
h. 

For any object M in C and ext-block b, let Mf, denote the sum of all submodules of M 
contained in Ci,. Note that Mf, is the largest submodule with this property. 

Lemma 5.5. For any objects M, M' in C, we have 

(a) M = @,^^^^^^c^M,, and 

(b) Hom^KM,M') = e,,^^^^(,)Hom,H(M,,M^). 

Proof. This is proven in [Jan03, II. 7.1] in the setting of representations of algebraic groups. 
The proof there immediately translates to the current setting. □ 

Corollary 5.6. The C^, b G Bcxt{C), are the blocks of C. 

Proposition 5.7. Let Li, L2 be Lie algebras. We denote by J^i, ond J-" the category of 
finite- dimensional representations of Li, L2 and L = LiS L2 respectively. Let Bi, i = 1,2, 
and B be the blocks of the categories J^i and T . The map, which assigns to irreducible 
Li-modules Vi in Ti the block ofVi ® V2 in T , induces a bijection between B\ x B2 and B. 
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Proof. To describe B it suffices by Corollary 5.6 to describe the ext-blocks of J-". That they 
are given as stated is immediate from Proposition 2.7. □ 

Example 5.8. We can apply Proposition 5.7 to an equivariant map algebra OJt = M(X, q)^. 
Recall the decomposition (3.4). The finite-dimensional irreducible representations of the 
abelian Lie algebra M(X, flab)'" are all one-dimensional. Corollary 2.5 then shows that the 
blocks are naturally enumerated by {M{X, Qsh)^)* , and so by Proposition 5.7 there is a 
natural bijection 

(5.1) B{MiX, Q^) = B{M{X, Q,,y) X (M(X, g,b)^)*, 

where B{M{X, q)^) and i3(M(X, g^s)^) denote the blocks of the cate gories of finite-dimensional 
M(X, g)'"-modules and M(X, gss)'"-modules respectively. The decomposition (3.4) is also 
helpful in deciding if OJt is extension-local, as defined below. 

Definition 5.9 (Category J-'cvai and spectral characters). Let J-'evai be the full subcategory of 
J-" consisting of modules whose constituents are evaluation modules. For x G Xrat, we define 
to be the full subcategory of J-'evai whose objects are those modules whose constituents 
are (finite-dimensional) evaluation modules with support contained in F ■ a:. 

Let Bx be the set of blocks of the category For 7 G F, the categories J-'^. and J-'^.^ 
are the same and so Bx = B-y.x- We can thus define an action of F on ^Bevai := U^GXrat 
letting •y : Bx ^ B^.x, 7 G F, be the identification. If x is a map from X^at to Sevai, mapping 
X G Xrat to an element of Bx, we define the support of x to be 

Supp X = {a; G Xrat : x{x) ^ 0}, 

where here denotes the block of the trivial module. Let 23evai be the set of finitely supported 
equivariant maps from X^at to -Bcvah niapping x G Xrat to an element of Bx- Adopting 
terminology from [CM04] and [KodlO] for the special case where njl = g ® A and g is 
semisimple, we call elements of ®cvai spectral characters. 

For ip E S, define ^ ®evai by letting Xip{^)y ^ ^ ^rat, be the block containing the 
isomorphism class ip{x). If V is an object of J-'cvai such that there exists x ^ ^evai with the 
property that Xi(> = X for every (isomorphism class of) irreducible constituent ev^ of V, then 
we say V has spectral character x- For x ^ ®evai, let ^^ai be the full subcategory of J-'cvai 
containing precisely the objects with spectral character x- 

Lemma 5.10. Two irreducible evaluation modules in J-'cvai ore in the same ext-block if and 
only if they have the same spectral character. 

Proof. We first prove that any two irreducible evaluation modules with the same spectral 
character lie in the same ext-block. Let £ ^ such that x^ = X^P'^ and let V,V' be 

evaluation representations corresponding to ip,ip' respectively. Write V = ^xex 
V = <S)xex for some x G X^, (allowing Vx or Vx to be trivial if necessary). We prove the 
result by induction on the number n of points x G Supp^/; U Supp?/'' where ip{x) 7^ ijj\x). 
If 77, = 0, then V = V and the result is clear. Suppose n > 1 and choose a point y G 
Supp?/' U SuppV'' such that ip{y) 7^ ip'iy)- Thus Vy ^ Vy. Since x^i; = X^i'i we know that Vy 
and Vy lie in the same ext-block of J^y. Thus there exists a sequence 



^y ^y ^y ^y 
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of irreducible objects objects of 7y such that Ext^lKJ, "K/*"^^) 7^ or ExtOT(V;*+\ V^) ^ for 
alH = 0, . . . , £ - 1. For z = 0, . . . , £, define V' = ® (8)xgx\{s,} By Theorem 3.7, we have 
Ext}^{V\ V'+^) ^ or Ext^(l^^+\ 1/^) ^ for alH = 0, . . . , £ - 1. Thus V = and 1/' he 
in the same block. If ip" is the element of S corresponding to the evaluation representation 
V\ we have that ip" and ip' differ at n — 1 points. By the inductive hypothesis, V'' and V 
lie in the same block. Hence V and V lie in the same block, completing the inductive step. 

Next we prove that any two irreducible evaluation modules in the same ext-block have 
the same spectral character. Let V, V be irreducible modules in the same ext-block cor- 
responding to ip,^'' G S, respectively. It suffices to consider the case where V V and 
Ext^(y, V) 7^ 0. By Theorem 3.7, ^ and ip' differ on exactly one orbit T ■ xq and 

Thus and V^^ lie in the same block of J^^o and Xtp = Xi>'- D 
Proposition 5.11 (Block decomposition of J-'cvai)- The J^^^^i, x ^ ^evab o^re the blocks of 

J^eval- Thus J^eval = 0;<^e<8cval '^cval ^'^ ^^'^ hlock deCOmpOSiUon of Tcval- 

Proof. This follows immediately from Corollary 5.6 and Lemma 5.10. □ 

Remark 5.12. Suppose is semisimple for some x G Xj-at and fix a triangular decomposi- 
tion and a set of simple roots of g^. Then the irreducible finite-dimensional modules of 
are parameterized (according to their highest weight) by the set P^ of dominant weights of 
g^. Thus Bx is always isomorphic to some quotient P^ of P^ with respect to the equivalence 
relation defining ext-blocks. In many specific examples of equivariant map algebras, we can 
give a precise description of this quotient (see Section 6). 

Even though Bx = B-y.x for all x G Xrat and 7 G F, the isomorphism Bx = Px depends on 
X. It is well known that for a semisimple Lie algebra s, Auts = Ints xi Outs, where Ints is 
the group of inner automorphisms of s and Out s is the group of diagram automorphisms of 
s. The diagram automorphisms act naturally on P+, the set of dominant weights of s. If p 
is an irreducible representation of s of highest weight A G P and 7 is an automorphism of 
s, then p o 7~^ is the irreducible representation of s of highest weight 7out ■ A, where 7out 
is the outer part of the automorphism 7 (see [Bou75, VIII, §7.2, Rem. 1]). So the group F 
acts naturally on each P~^ via the quotient Auts -» Outs. In the case that F acts freely on 
X (so that 0^ = for all x G ^rat), S is semisimple, and P^ := P^ = Py for all x, y G X^at, 
the set 25evai can then be identified with the set of finitely-supported equivariant maps from 
X to P^ . For example, we will see that this is the case when F is abelian (and acts freely 
on X), in which case P^ = P/Q. In particular, this holds for untwisted map algebras and 
multiloop algebras (see Section 6). 

Definition 5.13 (Extension- local) . We say an equivariant map algebra OJf is extension-local 
if Ext^j(y, kx) = whenever V is an irreducible finite-dimensional evaluation representa- 
tion and kx is any one-dimensional representation that is not an evaluation representation. 
Equivalently, by (2.4), Tl is extension-local if H^(97t, V ® kx) = for and kx as above. 

Remark 5.14. If all irreducible finite-dimensional representations of DJl are evaluation rep- 
resentations, then DJt is extension-local. This is the case, for example, if 971 is perfect and 
in all of the main examples of equivariant map algebras, including untwisted map algebras. 
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multiloop algebras, and generalized Onsager algebras (see [NSS] and Section 6). It is also im- 
mediate from Corollary 2.5 that an abelian equivariant map algebra Wl is extension-local. In 
fact, the authors are not aware of any equivariant map algebras that are not extension-local. 

Lemma 5.15. Let 971 = DJli ffl IM2 be a direct product of equivariant map algebras, either 
of the form Tli = M{Xi, where X = Xi U X2 is a disjoint union of T-invariant affine 
schemes, or of the form VJti = M{X, Qi)^ where = 0i ffl02 is a direct product of T-invariant 
ideals 0j. Then DJl is extension-local if and only if both 9Jti and 9Jt2 0,1"^ so. In particular, 
an equivariant map algebra DJl is extension-local if and only if M{X,Qss)^ is extension-local. 

Proof. Suppose that Mi and 9Jt2 are extension-local, and let V be an irreducible finite- 
dimensional evaluation representation and kx any one-dimensional representation of 971. Ob- 
viously, kx = /cai ® kx2 for Aj = X\<xni- Similarly, it follows from our assumptions on the 
VJti that V = Vi®V2 where Vi, i = 1,2, are evaluation representations of 9)Tj respectively. 
Indeed, in the first case we decompose x = xi U X2 with x^ = x fl Xj and get = g^^ ffl g^^ . 
In the second case, we get = ffl gf . Hence, by Proposition 2.7(b), 

(5.2) Extl,{V, kx) = {{V{ ® kx.f''' ® Ext^^(y2, kx,)) ® (Ext,^^(\/i, kx,) ® {V* ® kx,)"^'). 

If Ext^(y, kx) ^ 0, say (V^'^kx,)'^' (g)Extl^^{V2, kx,) ^ 0, then Vi = kx, is an evaluation rep- 
resentation by Lemma 2.2. Since Ext^^l^z, kx,) 7^ 0, kx, is also an evaluation representation 
since DJI2 is extension-local. But then so is kx- 

Conversely, assume that DJl is extension-local. By symmetry it is enough to prove that 
9Jti is also extension-local. Let Vi be an evaluation representation and kx, a one-dimensional 
representation of 9Jli that is not an evaluation representation. Put V2 = k^ and A2 = 0. Then 
kx — kx, ® kx, is not an evaluation representation of 971, while ^ = V^i (g) V2 is so. Hence 
Ext^^(V, kx) = since 9Jl is extension-local. But then Ext^^^(Vi, kx,) = follows from (5.2) 
since ® kx,)"^^' = C = '^o 7^ 0. 

The remaining assertion is immediate from the fact that the abelian algebra Wl{X, gab)'" 
is extension-local. □ 

Note that under the identification of 9Jf*|-, with one-dimensional representations of 9Jt, 
vector addition in 9Jt*jj corresponds to the tensor product of representations. It follows 
that the space of one-dimensional evaluation representations is a vector subspace of 971*1-,, 
which we will denote by ^ly^cvai- ^ vector space complement 9Jl*j, ^qj^^^^j^i so that 

ab ab,cval ^ ab,noncval" 

Remark 5.16. If the set X = {x G Xrat '■ [q^^Q^] 7^ Q^} is finite, there is a canonical 
choice of complement. Namely, fix a set x of points of X^at containing exactly one point 
from each F-orbit in X. Then, by [NSS, (5.8)], we have 971^^ = ^^l^b.evai © ^^Ib.noncvai' where 
^Ib,evai = (0xGx0'^/[0''' 0^])* ^lh,nonevi,\ ^hc dual of the kernel of the canonical map 
97t/[97l, 97t] 0a:Gx0'^/[0'^' 0""] induced by evaluation at x. 

Definition 5.17 (Spectral characters). Let 03 = ^evai x Q^ab.noncvai- Using Remark 1.2(b), 
every irreducible finite-dimensional representation of 97t can be written as Kvai ® kx for 
Vevai ^ -^cvai (uuiquc up to isomorphism and corresponding to some ip & £) and unique 
A e 9^ab,nonevai- Notc that this factorizatiou depends on the choice of the complement 
^abnonevai- ^or such a representation, we define Xip,x = (Xi/-)-^) G ^. If ^ is an object of 
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T such that there exists x ^ ® with the property that x-i>,\ = X for every (isomorphism 
class of) irreducible constituent ev^ ® A of V ^ we say V has spectral character x- Under 
the natural embedding of 5Sevai into 53 via x ^ (XjO), this definition of spectral character 
restricts to the previous one (Definition 5.9). For x G 05, let J-"^ be the full subcategory of 
J-" containing precisely the objects with spectral character x- 

We note that the decomposition 03 = 53evai x 2Jl*bnoneyai of Definition 5.17 is different 
from the one in (5.1). 

Lemma 5.18. If Wl is extension-local, then two irreducible modules in T are in the same 
ext-block if and only if they have the same spectral character. 

Proof. We first prove that any two irreducible modules with the same spectral character lie 
in the same ext-block. Suppose V ^ kx and V ® ky have the same spectral character for 
some V,V' e J'evai and A, A' e ^H*^ nonevai- It follows from Definition 5.17 that V and V 
also have the same spectral character and that A = A'. Thus, by Lemma 5.10, V and V are 
in the same ext-block of J-'evai- Therefore, there exists a sequence V = , . . . = V 

such that Ext^(l^\ V'+^) ^ or Ext^(y^+\ V"*) ^ for < i < I. Then, for < i < 

Ext^j(\/' ® kx, V'^^ ® ky) = Ext^(y\ V'+^) ^ 0, or 

Ext^(\/'+^ ® kx',V' ® kx) = Extlj^{V'+\ V') 7^ 0. 

Thus V ^ kx and V ® kx lie in the same ext-block. 

Next we prove that any two irreducible modules in the same ext-block have the same 
spectral character. Let V ^kx and V ® ky be two irreducible modules in the same ext-block 
with V, V e J'cvai and A, A' e 9?t*b,„onevai- Then there exists sequences V = V° ,V\ . . . = 
V in J-evai and A = A°, A^, . . . , A^ = A' in mt;b,„ai such that Extlj^{V'^ky,V'+^®ky+i) ^ 
or Ext^(V^*+i ® ky+i,V' (g) ky) ^ ior < i < i. Thus Ext^(l^* » (r*+i)*, ky+i_y) ^ 
or Ext^|(V'*'^^ ® (V^*)*5 ^A'-A^+O 7^ for < i < Since Wl is extension-local, this implies 
that kxi+^-x' is an evaluation module for each < i < i. But then A*"*"^ — A* G ^li^cvai 
and so A*^^ — A* = 0. Therefore A = A° = A^ = ■ ■ ■ = A^ = A'. This in turn implies that 
Ext^(l^\ 1/^+1) ^ or Ext^(\/*+\l/*) ^ for < i < i. Therefore V and V are in the 
same ext-block of J-'cvai and so have the same spectral character by Lemma 5.10. It follows 
that V ^ kx and V ^ ky have the same spectral character. □ 

Theorem 5.19 (Block decomposition of J-"). For an extension-local equivariant map algebra 
971, the T^, X ^ fJ'^e the blocks of T . Thus J-" = ^^^^ig J^^ is the block decomposition 
ofJ". 

Proof. This follows immediately from Corollary 5.6 and Lemma 5.18. □ 

6. Applications 

In this section, we apply our results on extensions and block decompositions to various 
specific examples of equivariant map algebras which have a prominent place in the literature. 

6.1. Free abelian group actions and multiloop algebras. Suppose that the group F is 
abelian and acts freely on X. As noted in Section 4, we have a decomposition 
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where S is the character group of F. Since the action of T must preserve Q^b and Qss, we also 
have decompositions 0ab = ©^g=0ab,5 and Qss = ©^gsSss,?- Using Lemma 4.4, we have 

= 056= 0ss,c ® = (Sss ® = M{X, gss)^. 

Therefore 

^ab = ©^gs 0ab,C ® = (Sab ® = Q^^^f . 

We thus have 

OJt ^ OJt' ffl OJlab, 

where OJl' is perfect (i.e. DXt' = Wl), as is easily seen by computations similar to the above. 

Lemma 6.1. IfVJt is an equivariant map algebra with g semisimple and T abelian and acting 
freely on X, then 9Jt is perfect. Thus 971 has no nontrivial one- dimensional representations 
and all irreducible finite- dimensional representations ofVJt are evaluation representations. 

Proof. The first statement follows immediately from the above discussion. The second is 
then a result of Proposition 1.1. □ 

Corollary 6.2. IfT is abelian and acts freely on X, then 971 is extension-local. 

Proof. This follows easily from Lemmas 5.15 and Lemma 6.1. □ 

By the above discussion and Proposition 3.11, to describe the extensions between irre- 
ducibles, it suffices to consider the case where q is semisimple, and hence 971 is perfect. 

Proposition 6.3 (Extensions for F abelian and acting freely on X). Suppose q is semisimple 
and V, V are irreducible finite- dimensional representations of 97t. Write V = (^^.g^ ^ ^'^^ 
V = (S)xex^' /^'^ some x G X* and evaluation representations Vx,V^ at x E ^. Then we 
have the following description of the extensions ofV by V . 

(a) // Vx ^ for more than one x E x, then Ext^|(V^, V) = 0. 

(b) // ^ V^^ for some xq G x, and Vx = for a// x G x \ {a:o}, then 

Extl^iV, V) = Homg(0, ® ® (m.„/m^J*. 

(c) IfV ^V, then 

Ext^(l-, V) = ©,,, Hom,(0, V: ® KO ® (m./m2)*. 

Proof. Parts (a) and (b) follow from Theorem 3.7 and Proposition 4.9. Part (c) is a conse- 
quence of Proposition 4.9 and Theorem 3.7(c), where we note that 97tab = 0. □ 

Because of their prominence in the literature, we state for reference the special case where 
971 is a multiloop algebra. 

Corollary 6.4 (Extensions for multiloop algebras). Suppose 97t = (g, ai, . . . , cr„, mi, . . . , m„) 
is a multiloop algebra as in Example 1.4, and V, V are irreducible finite-dimensional repre- 
sentations ofDJt. Write V = <S)x&x ^' ~ ^S^xgx f^"^ some x E X^ and (possibly trivial) 
evaluation representations Vx, V^ at x Ex. 

(a) IfVx^Vx for more than one x E x, then Ext^^(V, V) = 0. 
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(b) // ^ Kr'o /^'^ some Xq G x, and = VJ^ for all x E ^ \ {xq}, then 

Ext^(v-, V) - Homg(0, ® ® r . 

(c) //V = \/', then 

Proof. In the case of the multiloop algebra, we have {m^/ml)* = for all x G X^^^. The 
result then follows from Proposition 6.3. □ 

Remark 6.5 (Extensions for untwisted map algebras). Note that Proposition 6.3 also de- 
scribes the extensions for untwisted map algebras since for these the group F = {1} clearly 
acts freely on X. In this case, Proposition 6.3 specializes to [KodlO, Th. 3.6] (see also [CG05, 
§3.8]). 

Proposition 6.6 (Block decompositions for F abelian and acting freely on X). Suppose 
that for all x G X^at; the tangent space {mx/vciD* ^ 0. For example, assume that X is 
an irreducible algebraic variety of positive dimension. Then the blocks of 971 are naturally 
enumerated by 03^^ x (M(X, 0ab)'") ; where 03^^ is the set of spectral characters for M[X, QssY , 
which can be identified with the set of finitely-supported equivariant maps Xrat — ^ P/Q (see 
Remark 5.12 for a description of the action ofV on P/Q). 

Proof. By Example 5.8, it suffices to consider the case where g is semisimple. Then Propo- 
sition 4.9 implies that for V, V' irreducible evaluation modules at x G X^at, we have 

Ext^(l^, V')^Q ^ Hom0(g ® V) ^ 0. 

Thus, the conditions for a non-vanishing Ext-group are the same as for the untwisted map 
algebra. The fact that = P/Q then follows from [CM04, Prop. 1.2] (or from Corollary A. 4 
with U = Q, hence Span^wtf/ = Q). The remainder of the statement is an immediate 
consequence of Theorem 5.19 (or Proposition 5.11) and the fact that DJl is perfect and hence 
has no nontrivial one-dimensional representations. □ 

Corollary 6.7 (Blocks for multiloop algebras). The blocks of the category T of finite- 
dimensional representations of the multiloop algebra M(g, ui, . . . , cr„, mi, . . . , m„), g semisim- 
ple, are naturally enumerated by finitely-supported equivariant maps from X to P/Q. 

Proof. The follows immediately from Proposition 6.6 since g is semisimple. □ 

Remark 6.8. A special case of multiloop algebras are the untwisted and twisted loop alge- 
bras. For them, block decompositions were described in [CM04] and [SenlO] respectively. 

Corollary 6.9 (Blocks for untwisted map algebras). Suppose that, for all x G Xj-at; the 
tangent space (m^^/m^)* ^ 0. For example, assume that X is an irreducible algebraic variety 
of positive dimension. Then the blocks of the category of finite-dimensional representations 
of an untwisted map algebra A are naturally enumerated by x (gab ® ^)* where 
is the set of finitely- supported maps from X to P/Q. 



Proof. This is an immediate consequence of Proposition 6.6. 



□ 
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6.2. Order two groups. With an aim towards describing extensions and block decompo- 
sitions for the generahzed Onsager algebras, we consider in this subsection the case where 
the group F is of order two (see Example 1.5). 

Let DJl = M{X, q)^ be an equivariant map algebra with F = {1, o"} a group of order two, 
and g reductive. By Proposition 3.11, the extensions between irreducible finite-dimensional 
representations of 9Jt are determined by extensions between representations of M{X,gss)^. 
By Example 5.8, the same is true for the blocks of J-'. 

A simple ideal 5 of g is either invariant under the action of a or is mapped onto another 
simple ideal. In the latter case, (s©(7(s), cr) = (sffls, ex) as algebras with involutions, where 
ex is the exchange involution of s ffl s defined by ex(M, v) = (f , u). Therefore, 9Jl is a direct 
product of equivariant map algebras of type M(X, [)^ with I simple or with I = s ffl s and 
cr acting by ex. In view of Propositions 2.7 and 5.7 it is therefore enough to consider these 
two cases separately. 

Lemma 6.10. Suppose SOT = M{X, q)^ where g = sffls for a simple Lie algebra s and a acting 
on g by the exchange involution. Then 9Jt is perfect, and for two evaluation representations 
V, V with support in T ■ x, we have 

(V v'\ ^ /Homg(g, V* ® V) ® X i X^t, 

Ext^(l/, ) - ^ ^ ^j^j,y^ ^ ^ ^r^^ 

where / = {a G A : a(F ■ x) = 0} and = {x G X^at : cr ■ x = x} is the set of T -fixed points 
ofX^^f 

Proof. It is easy to see that g = go © gi is a strong grading. Thus 071 is perfect and, by 
Remark 4.10, R'^ = 0.x for all x G Xj-at- The formula for the extensions then follows from 
Proposition 4.7. □ 

Lemma 6.11. Suppose 971 = M(X, g)'" where g = s ffl 5 for a simple Lie algebra s and 
a acting on g by the exchange involution. Furthermore, suppose that for all x G X^at; the 
tangent space (rriaj/m^)* ^ 0. Then the set of blocks of the category Tx is 



Bx = 



fp/g, X i XI 

\Po/Qo, xGXr 



rat ' 
T 

rat 1 



where Pq and Qo are the weight and root lattices of s respectively. Furthermore, the blocks 
of T are naturally enumerated by the set of finitely supported equivariant maps 

Xrat ^ (P/Q) U (Po/Qo) 

such that X is mapped to P/Q if x ^ X^^^^ and to {Pq/Qo) if x E X^^^^. 

Proof. Let / = {a G A : a(F-x) = 0}. If x G X^^at^ then I = and I /P = vcix/vcil. ^ 0, hence 
{I/Py ^ 0. On the other hand, if x ^ X^'^at) then / = m^; fl m^.^; and I/P = (m^/m^) © 
i^a-x/^l-x): with a acting by interchanging the two summands. Thus {I / P)q ^ 0. The 
description of Bx then follows from Lemma 6.10 and [CM04, Prop. 1.2] (or Corollary A. 4). 
Since 971 is perfect (hence extension-local) by Lemma 6.10, the description of the blocks is a 
consequence of Theorem 5.19 (or Proposition 5.11). □ 
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We now turn our attention to the remaining case where Q is simple. Note that if Qq is 
semisimple, one easily sees that Wl is perfect. For a point x e Xj-at, let mj. = m^. HAq denote 
the maximal ideal of Aq corresponding to the image a; of a; in the quotient Xf/T = Spec Ao = 
SpecA^. 

Lemma 6.12. If q is simple and T is of order two, then 93t is extension-local. 

Proof. Suppose A is a one-dimensional representation that is not an evaluation representa- 
tion. We have 

on = (go ® Ao) © (si ® Ai), m' = (0o,ss ® Aq) © (go.ab ® Al) © (01 © Ai). 

Therefore, since A is nontrivial, we must have go,ab 7^ (so dimgo,ab = 1) and must be of 
the form 

Ax = (gO,ss ® ^o) © (flO.ab © f/) © (01 © Al) 

for some subspace U of codimension one in Aq such that Af C U Aq. Let V be an 
evaluation representation, with support contained in F ■ x for some x G X*, and let / = I^- 
Then 

-ftx = (00 ® lo) © (01 © h), = n = (0O,ss © lo) © (0O,ab © f/ H Jq) © (01 © h). 

Thus 

A' = (0O,ss © (Iq + II)) © (0O,ab © II) © ([0O,ss, 0l] © hh + 01 © (f/ n /o)/l) 
D (0O,ss © (/o + II)) © (0O,ab © II) © (01 © J/l), 

where J = Aq{U H Iq) is the ideal of Aq generated by f/ fl Jq and we have used the fact that 
[0o,ab,0i] = 01 (see Example L5(c)). 

Since kx is not an evaluation representation, we have 2 -^a- Thus we can choose 
z G 0o,ab © -^0 such that X{z) = 1. Then z acts as the identity on V" © kx- From the above we 
see that, for m > 1, 

^'"■i?Cz™.J^xC0i©/o™/i, 

where z"^ ■ a denotes z ■ {z ■ . . . {z ■ a) . . .), with z acting m times. 

For a subset B C Aq, let Z{B) = {x E maxSpecAo : f{x) = V / G B} denote the zero 
set of B. So Z{Iq) = X, where x = {a; : x G x}. We claim that Z{U fl Iq) = x. It is clear 
that Z{U n Jq) ^ Z{Iq), and so it remains to show the reverse inclusion. Note first that 
Iq = f]-^-ms. Suppose there exists y G Z{U fl Iq) such that |/ ^ x. Since the quotient map 
X — )■ X//r is open and surjective, y is the image in Xf/T of some point y G -^rat- Thus 

A^u{y} = (00 © I') © (01 © ih n nxy)), where /' = m^; Hxex "^s- 

Because /ca is not an evaluation representation, Ax.u{y} 2 -^a and so /' ^ U. Fix a nonzero 
p E I' \ U . Since ?7 has codimension one in Aq, we have U ® kp = Aq. Choose f E Aq such 
that f{x) = for all x G x and f{y) = 1. Then f = fu + cip for some fu^U and a E k. It 
follows that /(7(x) = for all a; G x and fu{y) = 1- Hence /[/ G f/ fl /q and y ^ Z{U fl Jq). 
This contradiction proves our claim. 

Since Iq is a radical ideal, it follows from [AM69, Prop. 7.14] that J contains some power 
1(5" of Jq. Thus z"^ ■ A M'. Hence z acts nilpotently on .^ab and so 

R\m, V(^kx)= Hom((J^ab, V(^kx)= 0, 
where the first equality holds by Proposition 3.12. □ 
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Proposition 6.13. An arbitrary equivariant map algebra M{X,q)^ with g reductive and T 
of order two is extension- local. 

Proof. By Lemma 5.15, it suffices to show M{X,Qss)^ is extension-local. The same lemma, 
together with the discussion at the beginning of this subsection, shows that it suffices to 
consider the cases where q is simple or (g, a) = (s ffl s, ex) with s simple. Thus the result 
follows from Lemmas 6.10 (since perfect Lie algebras are extension-local) and 6.12. □ 

The following lemma will allow us to give an explicit description of the block decomposi- 
tions for generalized Onsager algebras in Section 6.3. 

Lemma 6.14. Let "DJl be an equivariant map algebra as in Example 1.5, i.e., q is simple and T 
has order 2 acting nontrivially on q. Assume further that k\ is a nontrivial one- dimensional 
representation. Then one of the following holds: 

(a) R\m,kx) = 0, or 

(b) g = sl2{k), kx is an evaluation representation at some x G X^.-^^, uniquely determined 
by \, and X = Px where px € Qq is one of the two irreducible subrepresentations 
of the Qo-module gi. In this case, 

E\m,kx) = iAJm,A,y. 

In particular, if A is a domain and T acts nontrivially on A, then B.^{'Dyt, kx) ^ 0. In 
the case of the (usual) Onsager algebra, x = ±1 and H^(OJl, /ca) is one- dimensional. 

Proof. Since A 7^ 0, we have DJtah = go,ab ® i^o/Af) 7^ 0, and we can choose z G go,ab ® ^0 
satisfying X{z) = 1. Because go,ab is one- dimensional, there exists a codimension one subspace 
Bx C Aq such that 

= (flo.ss ® Ao) © (go,ab ® Bx) © (gi © Ai), 

^'x = (flo.ss ® Aq) © (go,ab ® Aj) © ([go,ss, 0i] © + [go,ab, Si] ® BxAi). 

Suppose g 7^ 5l2{k). It then follows from Example 1.5(c) that gi = [go,ss5 0i]- Hence Qi^Ai C 
.^';!^ C T)x- Since z is central in go©v4o, formula (2.6) shows go,ab®-BA ^ 2)a, whence Dx = ^x, 
i.e.,}i\Tl,kx) = 0. 

Let now g = sl2{k). From Example 1.5(d) we know that then go = go,ab, 0i = Vi © V-i, 
and there exists 7^ p G gg such that go acts on V±i by ±p. Hence 

= (00 ® Bx) © (gi © Ai), ji'^ = (go © Aj) © (gi © BxAi). 

We can write z in the form z = zq ^ za with za & A and zq G go satisfying p{zq) = 1. Since 
[z, go © Bx] = 0, we get from (2.6) that 

= (So ® Bx) © (V^i © (BxAi + (1 - za)Ai)) © © (BxAi + (1 + 2:^)^1)). 

If Bx is not an ideal of Aq, we obtain BxAi = BxAqAi = AqAi = Ai, so that Dx = ^x and 
then }i\m, kx) = follows. 

We are therefore left with the case that Bx is an ideal of Aq. Being of codimension one, 
there exists a unique x G maxSpec(ylo) such that Bx = m^. From Qq ^ Af C C ^x it 
follows that Al C Bx, so Bx® Ai = mx for a unique x G X^^^^ by (1.2). Hence M.x = Kerev^. 
and thus X = Px o g^x for some px G gQ. li I — za & vn-x, i-e., Px = p, we get 1 + ^ tn^ 
and ^x/Dx = Vi © (Ai/mxAi) = Ai/rUxAi follows. Similarly, in case 1 -|- 2;^ G m^j, we 
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have p^. = -p and ^a/2?a = V^i ® (Ai/trisAi) = Ai/msAi. Finally, if 1 ± 2;^ ^ rris, then 
i?A/S)A = 0. 

By Lemma 3.2, A is a Noetherian Ao-module and so Ai is a finitely generated Ao-module. 
If Ai = m^Ai, then by Nakayama's Lemma there exists Qq ^ such that aoAi = 0. If F 
acts nontrivially on A, then Ai ^ 0. Thus A is not a domain. 

For the Onsager algebra one knows, see for example the proof of [NSS, Prop. 6.2], that 
Ai is a free Aq module of rank 1, whence Ai/m^Ai = AQ/m.^ is one-dimensional. □ 

One could continue to work in the generality of equivariant map algebras associated to 
groups of order two and deduce the extensions and block decompositions in the case where q 
is simple. However, in the interest of making the exposition easier to follow and of obtaining 
explicit formulas, we will instead now focus on the case of the generalized Onsager algebras, 
which we treat in the next subsection. 

6.3. Generalized Onsager algebras. We now apply our results to generalized Onsager 
algebras (see Example 1.6). By Theorem 3.7, to describe arbitrary extensions between 
irreducible finite-dimensional representations, it suffices to give explicit formulas for the 
extensions between single orbit evaluation representations supported on the same orbit, 
which are described in Theorem 3.9. 

Note that Aq is a polynomial algebra (in the variable z = t + and Ai = yA^, where 
y = t — t~^. We have 

y^ = {t- r^f = - 2 + = - 4 = {z - 2){z + 2) 

where the points z = ±2 correspond to the images in Xf/T of the points ±1 G X. Thus 

Al = y^Ao = mitn— . 

Suppose X E X. Let 

/ = {/e A I /|r.. = o}, /o = /nAo, h = inA^. 

Then, as in Example 3.4, 

^x = (So®/o)©(Si®/i), 

K = (flO.ss © (/o + II)) © (flO.ab © II) © (Sl © loh) . 

Now, suppose first that x 7^ ±1, so that F^. = {1} and = Q. Then 

Jo = tTis, Ji = yms. 

Thus 

Il = y^rns = mim^rm?, 

and so 

K = (0o,ss © m?) © (go,ab © mitn— m?) © (01 © yml) . 

Therefore 

^x,ab = (0o,ss © iTis/m?) © (flo.ab © ms/mim— m?) © (gi © ym^/i/m?) 

= (so © ^^x/ml) © (0o,ab © Ao/mi) © (so,ab © Ao/mzii) © (gi © yms/ym?) . 
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Indeed, by [Bou61, Ch. II, §1.2, Prop. 5 and Prop. 6], ms/mim3Tm| = (rris/mims) ffl 
(mx/m—mx) ffl (ms/m|) and mj. /matrix = Ao/m-^ since the canonical map ms — )• Ao/m-^ 
is surjective. Thus, as g = OJt/.^a;-modules, we have 

(6.1) J^a;,ab = (0 ® ms/m?) © fco © A;o, ±1. 

Now suppose X = ±1, so that F^. = F and = 00- Then 

Jo = m^, Ii= Ai = yAo. 

Thus 

j2 = mitn— , 

and so 

K = (flO.ss ® 1^5;) © (0o,ab © mim— ) ® (01 ® ) 

where we have used the fact that m| + iriim— = rris for x = ±1. Therefore, 

^x,ah = (So,ab © ms/mim— ) © (si © yAo/yxrix) . 
We then have the following isomorphism of 0o-iiiodules: 

o^ c r^)vi^ko if dimgo,ab = 1, 

(6.2) 

Now, 
Thus 




if dim0o,ab = 0. 

3x = evx^idl^) = ev^^(0o,ab) = (0o,ss © mx) © (So,ab © ^o) © (Si © yAo). 



yx = (So,ss © m? + 00 ® mm—) © ([0o,ab, Si] © yAo + [so,ss, 0i] © ymx) 
= (flo,ss © mx) © (so,ab © mim— ) © (gi © yms + [so,ab, Si] © yAo), 

where we have again used the fact that m? + mitn^i = for x = ±1 and some results from 
Example 1.5. Therefore 

3x,ab = (So.ab © Ao/mi) © (so.ab © Ao/mzii) © (gi © yAo)/{Qi © ymx + [go,ab, gi] © yAo). 

If go,ab = then 3^.,ab = (fli © yAo)/{Qi © yvtix) = Qi. On the other hand, if go,ab 7^ 0, the 
first two terms are isomorphic to ko as go-modules. Moreover, in this case gi = [go^ab, 0i] by 
Example 1.5(c). Therefore the last term in the description of 3x,ab vanishes. To summarize, 
we have the following isomorphism of go-modules. 

ko © ko if dimgo,ab = 1, 
gi if dimgo,ab = 0. 



(6.3) 3±l,ab = 



Proposition 6.15 (Extensions for generalized Onsager algebras). Suppose V,V' are irre- 
ducible finite- dimensional evaluation representations at the same point x G Xrat- If x ^ ±1, 
then 

'Homg(g,\/* ©r) tfVj^V\ 
Homg (g, © V) ®e ifV^V. 



Ext^(\/, V 
If X = ±1, then 

Extl^{V,V') 



fHomg„(0i,^*©n ifV^V, 

[Homg,(gi, V* © V) © A;®2dimgo,ab ^fv ^ V'. 
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Proof. Suppose that acts on V,V' by A, A' G (Sab)* respectively. First consider the case 
X ^ ±1. Then = is simple and so A = A' = 0. By Theorem 3.9 and (6.1), we have 

Ext^(V^, V) ^ Homg((g ® ms/ml) ®ko® ko, V* ® V). 

Since dimX//r = 1 and x is a smooth point, ms/m| = k. The result then follows from 
Lemma 2.2. 

Now suppose X = ±1. If A 7^ A', then dimgo,ab = 1 and by Theorem 3.9 and (6.2), we 
have 

Ext^(\/, V) ^ Homg„(0i © ko, V* ® V) ^ Hom0„(si, V* ® V), 

where the second isomorphism holds by Lemma 2.2. 

If A = A' and V ^ V, by Theorem 3.9, (6.3), and Lemma 2.2, we have 

Ext^(y, V) = Honig,,^^ (A;o © ko, V*(S)V') = = Rom,, (01, V* © V) if dim 0o,ab = 1, 

Ext^(V^, V) = Homg„_^Jgi, V* © V) = Homg„(si, V* © V) if dimso.ab = 0, 

where the last equality in the first line holds because 0o,ab acts trivially on V* © V, but 
nontrivially on Qi = [flo.ab^Si] by Example 1.5(c). 

Finally, ii V = V, then by Theorem 3.9 and (6.3) we have 

Ext^(y, V) = Hom,„, Jgf © fcf ^'^^o^-, ^* ® V'), 
where we recall that g?" '"'' = if go,ab 7^ 0. Since go,ab acts trivially on V* © V, we have 

Honig,, Jgf-^ V* © V) ^ Homg„(gi, V* © V), 
and Homg(,^^(/i;o, V* © V) = k, by Lemma 2.2. The result follows. □ 

Specializing the proof above to the various cases, leads to the following more explicit 
formula. 

Corollary 6.16 (Extensions for generalized Onsager algebras). Suppose V, V are irreducible 
finite- dimensional evaluation representations at the same point x = ±1, on which go,ab ^cts 
by A, A' respectively. Then 

( Homg„(gi, V* © V) zf X ^ X' or zf \ = A', go,ab = 0, 
Ext^(\/, V')=lo ifX = A', go,ab 7^ 0, V ^ V\ 

[k^ ^/flO.ab^O, V^V. 

We now turn our attention to giving an explicit description of the block decomposition 
of the category J-" of irreducible finite-dimensional representations. Since OJt is extension- 
local by Lemma 6.12, we can apply the results of Section 5. Because all irreducible finite- 
dimensional representations are evaluation representations, we have J-'cvai = ®cvai = ®5 
and Theorem 5.19 (or Proposition 5.11) tells us that the block decomposition is given by 
F = ^y^^<s It remains to describe Br^ for x G Xj-at- 

\i X ^ ±1, then by Proposition 6.15 and [CM04, Prop. 1.2] (or Corollary A. 4), we have 
Bx — P/Q- So in the following, we fix a; = ±1. Let Pq and Qq be the weight and root lattices 
of So,ss respectively. For a finite-dimensional go,ss-module W, we let Span2wt(Vr) C Pq be 
the Z-span of the weights of W . If g^.ab = 0, then Corollary A. 4 implies (see Remark A. 5) 
that Bx = Pq/ Span^ wt(gi). It remains to consider the case g^j^ab 7^ 0, in which case we 
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know that 0a;, ab — k (see Example 1.5(b)). The one- dimensional evaluation representations 
are thus of the form ka where a E gl = k. 
By Example 1.5(c), we have 

01 ^ (y O ki) © {V* O A;_i) (as 0o-modules) 

for some irreducible 0o,ss-niodule V. So = V{h'), the irreducible 0o,ss-niodule of highest 
weight u for some u G P^^, the set of dominant integral weights of 0o.ss- We have chosen 
the isomorphism 0* — ^ so that the one-dimensional representations appearing in the 
above decomposition are k±i. The irreducible objects of J^^ are of the form V{X) ® ka, for 
a G So ab — k. They are thus enumerated by x k. We would like to find an explicit 
description of the equivalence relation on this set that describes the ext-blocks. 
By Corollary 6.16, we have 

Extl^{V{X) (g) ka, Vifi) (g) fcfc) = if a = 6 and A 7^ /i. 

Additionally, 

Homg„(0i,^(A)*®l^(/i)) = O 

since 0o,ab acts on each irreducible summand of 0i nontrivially but on V{X)* ® V{fi) triv- 
ially. Therefore, the relation on Pq*" x k describing the ext-blocks is the equivalence relation 
generated by 

(A,a)~(^,6) if Rom,,{gi,V{Xy®V{^)®k,_a)7^0. 
We denote this equivalence relation again by ~. 

Lemma 6.17. The equivalence relation ~ is the equivalence relation generated by 
(6.4) (A,a)~(/i,6) if Homg„(y®fci,V(A)*®V(/i)®A;b„,) 7^ 0. 

Proof. Let ~ be the equivalence relation generated by (6.4). Since 0i = {V ^ ki) (B (V* ^ k-i) , 
it is clear that ~ is contained in ~ (i.e. if two elements are equivalent with respect to ~, then 
they are equivalent with respect to ~). Now fix (A, a) and (/i, 6) with B.omQg{Qi,V{X)* (g> 
V{fi) ® fcf,_a) 7^ 0. Then we have 

^ Homg,(0i, V{Xy ® V{fi) ® kb-a) 

^ Homgo(V' ® ki, V{Xy ® 1/(/i) ® h^a) © Homg,(y* ® fc„i, V{Xy ® V{fx) ® h^a)- 

Therefore, one of the above summands must be nonzero. If the first summand is nonzero, 
then (A, a) ~ (/i,&). If the second summand is nonzero, then 

^ Homg,(l^* ® k-i, V{Xy ® y(/i) ® h-a) = Homg,(V^(/i)* ® ^(A) ® ka-b, V ® ki). 

Now, since both arguments are completely reducible 0o-modules, the nonvanishing of the 
above Hom-space implies that there is an irreducible 0o-module that is a summand of both 
arguments. But this implies that 

Homg„(\/ ® ku V{fiy ® V{X) ® ka-b) 7^ 0, 

and so (/i, &) ~ (A, a). Thus ~ is contained in ^, completing the proof. □ 

Lemma 6.18. We have Span2wt(\/ ® V*) = Qq. 
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Proof. By Example 1.5(a), go.ss acts faithfully on V. It follows that go,ss acts faithfully on 
V <^V* and so Qo C Span2wt(y (g) V*) (see, for example, [Hum72, Exercise 21.5]). On the 
other hand, the weights of V ^V* are of the form u — W{)(v) — cu, where is the longest 
element of the Weyl group of 0o,ss and uj G Qo- Since v — w^iy) e Qo ([Bou81, VI, §1.9, 
Prop. 27]), all the weights oiV ®V* lie in Qo- □ 

Lemma 6.19. For all a G gg ab' have (A, a) ~ (yU, a) if and only if fi — X E Qq. 
Proof. First suppose that (A, a) ~ (/i, a). Then there exists a sequence 

(A, a) = (Ao, ao), (Ai, ai), . . . , (A„, a„) = (//, 6) 
such that for each < ? < n, we have 

(6.5) Homg„(r ® \/(A,)* ® \/(A,+i) ® A:„,^,-aJ ^ 0, 

(6.6) or Eom,,{V ® A;i, F(A,+i)* ® \/(Ai) ® A;„,_„^^J 0. 

Now (6.5) implies that aj+i = Cj + 1 and (6.6) implies Oj+i = — 1. Since ao = a = a^, 
we must have that n is even and we can partition the set {0, 1, 2, . . . , n — 1} = Ji U J2, with 
|<^i| = 1-^215 such that (6.5) holds for i E Ji and (6.6) holds for i G J2. This implies that 

Rom,,{V,V{Xiy(S)V{Xi+i))^0 for z G Ji, 

Homg„(y*,V(A,)*®\/(A,+i)) ^0 for ^ G J2. 

By Lemma A. 3 (with s = 0o,ss), we have that 

Aj+i - Ai G wt(V) + Qo for ? G Ji, 

Ai+i - Ai G wt{V*) + Qo for z G J2, 

where wt(iy) denotes the set of weights of a go.ss-module W. Thus 

/i - A = (A„ - A„_i) + (A„_i - A„_2) H h (Ai - Ao) 

G wt(V) + ■ ■ ■ + wt{V) + wt{V*) + ■■■ + wt{V*) +Qo 

^ V ' ^ V ' 

n/2 terms n/2 terms 

= wt((y®\/*)®^/2) + Qo = Qo, 

by Lemma 6.18. 

Now suppose /i — A G Qo = Span^ wt(V" (g) V*). Since ® V^* is a faithful go,ss-Hiodule, it 
follows from Corollary A. 4 that there exists a sequence 

A = Ao, Ai, . . . , A„ = /i 

such that 

Homg,(V ®V*® V{Xi), V{X,+i)) 7^ 0, < i < n. 

This implies that 

Homg,(l^ ® ki, {V{Xi) ® ka)* ® {V{Xi+i) ® V ® ka+i)) ^ 0. 
Thus (Ai, a) ~ (5, a + 1) for some irreducible summand V{6) of ^(Ai+i) (g) Therefore 

^ Homg„(V(5), V^(A,+i) ® V) ^ Homg„(V(A,+i)* ® \/(5), V). 
This implies that V is an irreducible summand of \^(Ai+i)* ® ^(5). But then 

Homg„(y, V{X,+,r eg) V^(5)) ^ Homg,(\/ ® fci, (\^(A,+i) ® fc„)* ® (\/(5) ® A;„+i)), 
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and so (Aj+i,a) ~ {6,a+ 1). Hence (Aj,a) ~ (Aj+i,a) for all < i < n. It follows that 
(A,a) ~ (/i,a). □ 

Proposition 6.20. We have (A, a) ~ [fi, b) if and only if there exists an n E'L such that 

(6.7) jji + QQ = \ + nu + QQ and b = a + n. 

Proof. The relation (6.7) is the equivalence relation generated by the relation ixi defined by 

(A,/i) CXI (;U, 6) if fi + Qq = X + u + Qo, b = a+ 1. 

To show that (6.7) implies (A, a) ~ {fi,b), it therefore suffices to show that (A, a) ixi (/i, 6) 
implies (A, a) ~ (/i, b). Thus assume fi = \ + u + u for some w G Qo and b = a + 1. Since 
(/i, b) ~ (/.i — u, b) by Lemma 6.19, it is enough to prove (A, a) {fi — u, b). In other words, 
we can assume fi = X + h',b = a + l. But then 

Rom,,{V ® {V{X) ® KT ® (Vifi) ® h)) = Rom,,{V{iy) ® V{X), V{fi)) ^ 0, 

since the tensor product Vlu) (g> V"(A) has an irreducible summand isomorphic to ^(A + 1/) = 
V{fj,). Thus (A, a) ~ (/i,&). 

For the other direction, assume (A, a) ~ {fJ',b). It suffices to consider the case 

^ Bom,,{V ® h, {V{X) ® KY ® (Vifi) ® h)) = mm,,{V{y) ® V{X), ^(/i)), 

where the equality follows from the fact that we must have 6 = a + 1, which is immediate 
by considering the action of 0o,ab- Thus V{v) ® V{X) contains an irreducible summand 
isomorphic to Vi^ji) and so yU = A + — w for some u G Qo- Hence X + v + Qq = fi + Qq. □ 

Corollary 6.21. We have ^ (Pq/Qo) x (k/Z), x = ±1. 

Proof. Fix a set of representatives for /c/Z. By Proposition 6.20, we have a well-defined and 
injective map that associates to the equivalence class of (A, a) in {Pq x /c)/ ~ the element 
{X + nu + Qo, a + n + Z) G (Pq/Qo) x (k/Z), where n is the unique integer such that a + n 
is one of these chosen representatives for k/Z. It is surjective since every class in Pq/Qo is 
represented by some A G P^. □ 

Proposition 6.22 (Blocks for generalized Onsager algebras). The blocks of the category of 
finite- dimensional representations of a generalized Onsager algebra are naturally enumerated 
by the set of finitely supported equivariant maps 

^rat ^ (P/Q) U ((Po/Qo) X (k/Z)) 

such that X is mapped to P/Q if x ^ ±1 and to (Pq/Qo) x {k/Z) if x = ±1. 

Proof. This follows from Theorem 5.19 (or Proposition 5.11) and the above computations of 

the Bx, X G Xrat- □ 

Corollary 6.23. // Wl is the usual Onsager algebra, then the blocks of the category of 
finite- dimensional representations can be naturally identified with the set of finitely sup- 
ported equivariant functions x from X^at to {P/Q) U (C/Z) where x{^) ^ P/Q for x 7^ ±1 
and x{x) ^ C/Z for 2; = ±1. 

Proof. This follows immediately from Proposition 6.22 and the fact that k = C and Qo,ss = 
0. ' □ 
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Appendix A. Extensions and the weight lattice 

We present here some useful results of independent interest that allow us, in certain 
cases, to give a simple explicit description of the block decomposition of the category T of 
finite-dimensional representations of an equivariant map algebra. 

The following proposition and its proof were explained to us by S. Kumar. 

Proposition A.l. Let G he a semisimple algebraic group over k and let p : G ^ SL(f/) be 
a faithful finite- dimensional rational G-module. Then, for any irreducible finite- dimensional 
G-module V , there exists m G N such that V is isomorphic to an irreducible submodule of 

Proof. Let p : G ^ SLk{U) be the corresponding representation. Besides p we will use the 
trivial G-module structure on the underlying vector space of U, denoted U^^". Observe that 
the canonical G-module structure on Endfc(f/) = Homfc(?7*"^, U) satisfies {g ■ f){u) = g ■ f{u) 
for g eG, f e Homfc([/*"^, U), and ueU. Let 6 : G ^ Homfe(?7*"^, U) be the composition 
of p and the canonical injection SLk{U) Homfc(t/*"^, f/). It is easily seen that 6 is an 
injective G-module map, where G acts on itself by left multiplication. We therefore get a 
surjective G-module map of the coordinate algebras of the corresponding algebraic varieties, 

e* : k[Rom{U''",U)] k[G]. 

As G-modules, 

Homfc(f/*"", U) ^ (U''"y ® f/ ^ U''" ®U ®---®U, 

with the last direct sum having dim U summands. Therefore, again as G-modules, 

fc[Hom(^/*"^ U)] ^ Sym*(f/* © ■ ■ ■ © f/*) ^ Sym'(f/*) © ■ ■ ■ ® Sym'([/*), 

where Sym*(-) is the symmetric algebra. We compose the G-module map 6* with the canon- 
ical G-module epimorphism 

T'{U*) © ■ ■ ■ © T'{U*) Sym'(t/*) © ■ ■ ■ © Sym'(t/*) 

from the tensor product of the tensor algebras, to get a G-module epimorphism 

T*(f/*) ©■•■ ©T'(f/*) ^ k[G]. 

It now follows that for any irreducible finite-dimensional G-sub module W C k[G], there exist 
natural numbers ni, . . . , n^, s = dim U, such that 

T"i(t/*)©---©T"^(f/*) 

is a G-module epimorphism. But clearly, 

T^'iU*) © ■ ■ ■ © T"=(f/*) = T™(f/*) for m = rii + ■ ■ ■ + 

as G-modules, yielding a G-module epimorphism T"^(f/*) — )■ W. By complete reducibility, 
this means that W is isomorphic to an irreducible component of T™(?7*). But then W* 
is isomorphic to an irreducible component of (T™([/*))* = T™(f/**) = T™(f/). Finally, 
we apply the algebraic version of the Peter- Weyl Theorem, which says that every finite- 
dimensional representation of G occurs as a submodule of k[G], [GW09, Cor. 4.2.8]. Since 
V is irreducible if and only if V* is so, we can apply the above argument to W = V* , and in 
this way finish the proof of the theorem. □ 
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The following lemma is a generalization of the second part of the proof of [CM04, Prop. 1.2] . 

Lemma A. 2. Let I be a finite- dimensional Lie algebra. Let U, V, W be finite- dimensional 
[-modules with U completely reducible and V, W irreducible with Hom[([/®"* ® V, W) ^ for 
some m G N+. Then there exists a finite sequence V = Vq, Vi, . . . , Vm = V of irreducible 
finite- dimensional {-modules such that 

Hom[(f/ ® Vi, Vi+i) 7^ forO<i <m. 

Proof. We prove the result by induction on m G N+, the case m = 1 being obvious. For 
m > 1 we have 

^ Hom((?7^™ (^V,W)^ Homt(f/^('"-^) (^V,U* ®W). 

Since both [/^'"-i (g) V and U* W are completely reducible by [Bou71, §6.5, Cor. 1 du 
Th. 4], the above implies that there exists an irreducible finite-dimensional [-module X which 
is an [-submodule of both ® V and U* » W. But then Hom((f/®('"-^) » ^ 

and Hom((X, U* ® W) = Hom((f/ (g) X, W) ^ 0. Applying the induction hypothesis to 
Hom[([/®(™-^) ® V, X) 7^ and putting X = Vm-i, finishes the proof. □ 

For the remainder of the appendix, let s be a semisimple finite-dimensional Lie algebra 
with weight lattice, root lattice and set of dominant integral weights P, Q, P^ respectively. 
Let W{5) be the Weyl group of s. Recall that for a finite-dimensional s-module f/, wt(f/) 
denotes the set of weights of U . 

Lemma A. 3. Suppose U is a finite- dimensional s-module and A, /i G P"*" such that Y{om.s{U® 
y(A), 7^ 0. Then fi — Wq{X) and fi — X are both elements of wt{U) + Q. 

Proof. First recall that V^(A)* is an irreducible s-module of highest weight — wo(A), where wo 
is the longest element in W{s). Since 

Rom,{U, V{\y ® V{fi)) = Hom,(f/ ® V{\), V{fi)) ^ 0, 

we have fi — Wo{\) — w G wt(f/) for some uj E Q. Thus /i — Wo(A) G wt(f/) + Q. Furthermore, 

/i - A = (;u - Wq{\)) + {wq{\) - A) G wt([/) + g, 

since w{e) - ^ G Q for all ^ G P and ti; G W{s) by [Bou81, Ch. VI, §L9, Prop. 27]. □ 

Corollary A. 4. Let U be a finite- dimensional faithful s-module. Then Q C Span2wt(f/) C 
P. Furthermore, for A,/i G P"*", i/ie following two conditions are equivalent: 

(a) There exists a sequence A = Aq, Ai, . . . , A„ = /i of weights Xi G P^ siic/i ^/iai 

Hom, (?7 ® V"(Ai), V"(Ai+i)) 7^ /or < i < n. 

(b) yU — A G Span^ wt(f/) . 

Proof. That Q C Span2wt(f/) C P is known, see for example [Hum72, Exercise 2L5]. 
Assume (a). By Lemma A. 3, we have 

- wq{\) + (Ai - wo(Ai)) H h (A„_i - wo{Xn-i)) + /i 

= (Ai - Wq{\q)) + (A2 - Wq{\i)) H h (A„ - WQ{\n-i)) G Span2wt(f/) + Q. 
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Now using that ^ - E Q for ^ e P and w E W{s) ([Bou81, Ch. VI, §1.9, Prop. 27]), 
we see that fi — wo{X) E Span^wt{U) + Q. But this is equivalent to (b) since ji — \ = 
{fx - wo{X)) + {wo{X) - A) and wo{X) - X E Q. 

To prove that (b) imphes (a), we will use some standard facts from the theory of Chevalley 
groups, for which the reader is referred to [Ste68]. Assume (b) is true and let G be the 
Chevalley group corresponding to the representation U of s. This is a semisimple algebraic 
fc-group ([Ste68, Th. 6]), whose weight lattice (group of characters of a maximal torus) is 
Spaii^wt{U) ([Ste68, p. 60]). The s-module U is canonically a faithful rational G-module, 
also denoted U. The s-module V{X)* ® V{fi) contains a highest weight vector of weight 
fi—Wo{X), hence also an irreducible s-module X of highest weight /i— Wo(A) E (Span^ wt(f/))n 
It integrates to an irreducible G-module of highest weight fi — Wq{X), also denoted X 
([Ste68, Th. 39] and the remark on p. 211 of loc. cit.). We can now apply Theorem A.l 
and conclude that there exists m E N such that X is isomorphic to an irreducible G- 
submodule of t/®'", i.e., Homclt/®"", X) 7^ 0. Since HomG(t/®"*, X) = Bom.iU^"' , X) , we 
have Homs(f/®'" » V{X),V{fi)) ^ Homs(?7®™, 1/(A)* ® V{fi)) ^ 0. Now (a) follows from 
Lemma A. 2. □ 

Remark A. 5. The special case U = 5 (so Span2wt(f/) = Q) of Corollary A. 4 is proven in 
[CM04, Prop. 1.2], using a result of Kostant's instead of Theorem A.l. 

Note that Corollary A. 4 applies in the following setting: q a simple finite-dimensional 
Lie algebra with an automorphism of order 2, g = 0o © Si the corresponding eigenspace 
decomposition, s = go semisimple (see [HelOl, Chapter X, §5, Table II] for a list of the 
cases in which this condition is fulfilled) and U = Qi, which is a faithful s-module (see 
Example 1.5(a)). 
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